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PHAN |

CAC BAI TOAN

NHUNG BAI TOAN CO BABILON

1. Thoi xa xua, ngudi Babilon coi chu vi dudng tron 1a chu vi
cua luc gidac déu nodi tiép dudng tron d6. Hay tinh gia tri gin &ing
cua s0 7 theo cidch nay cua nguti Babilon. '

2. Hay chia mdt géc vudng ra 3 phadn bang nhau.

3. Dé tinh dién tich mot td giac, ngusi Babilon 14y ni&a téng
cac cap canh d6i dién nhan véi nhau. Ban hay cho biét cong thic
nay xac dinh ding dién tich cia nhing td gidc nao ?

Con dé-tinh dién tich cia mot tam gidc can, ngudi Babilon d6i
lic 14y tich cia canh bén v6i nda canh day. Hay chi ro véi gia thiét
ndo thi cong thic tinh dién tich tam giac can la truong hgp dac biét
cia cdng thuc tinh dién tich td gidc néu trén ?

NHUNG BAI TOAN CO AI CAP
NHUNG BAI TOAN TU PAPIRUT™" RAINDA

4. Hay tim mot s6 bi€t rang néu thém vao s8¢ d6 2 ciia 16 rdi trix
, 3
di 1 t8ng vira nhan duge thi ta duge 10.
3

(1) Papirut (di thao. di ban) : van ban ghi trén gé ngay xua cén dé lai.
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5. Bay gia dinh nudi 7 con meéo, mbi con meo an thjt 7 con
chudt, con médi con chudt an 7 ciy lia, mdi cay lia c6 th& cho duge
7 hat. Nhitng s& hang cia day s6 nay 16n d&n dau va tdng cla ching
bing bao nhi¢u ?

6. Ngudi Ai Cap xa xua tinh dién tich hinh tron bang cich lay
dien tich hinh vuong c6 canh bang & duong kinh céa hinh tron. Hay
9
xac dinh gia tri gan dding cua sd & theo cach nay.

7. D@ tinh dién tich tam giic can, ngudi Ai Cap ldy nda day
nhan vdi chidu dai canh beén. Hay tinh sai s6 theo ti I phan tram
néu diy cua tam gidc can bang 4, con canh bén bang 10.

8. DE tinh dién tich hinh thang can, ngudi Ai Cap lay nia téng
day trén va day duéi rdi nhan véi canh bén. Hay tinh sai s8 theo ti
¢ phian tram néu day trén bang 4, day duéi bang 6, cdon canh bén
bang 20. |

NHUNG BAI TOAN TU PAPIRUT MOSKVA

9. Tinh thé tich cia hinBchép cyt ti gidc déu néu chidu cao
bang 6, canh day duéi bang 4, con canh ddy trén bang 2.

10. Hay xac dinh d9 dai cic canh cia mot hinh chi nhat cho
bi€t ti s§ gifa cidc canh va dién tich cia hinh chd nhat dé.

NHUNG BA!I TOAN TU PAPIRUT AKHMINSK!

11. Mot ngudi 18y di - béu vat trong kho, mot ngudi khac lay
| 13

di _ll'; bau vat con lai va nhu vy kho bau con lai 150 bau vat. Hoi

lic dau kho bau c6 bao nhidu bau vat ?
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NHUNG BAI TOAN CO HI LAP

NHUNG BAI TOAN CUA PITAGO (PYTHAGORE)

12. Chung minh ring dién tich hinh vuéng dung trén canh
huyén cia mdt tam gidc vudng bang tdong dién tich cac hinh vudng
dung trén ciac canh goc vudng cia tam giac nay.

13. Hay tim cac sd Pitago, tic la tim tit ca cic bd ba cac sO
nguyén Xx, y, Z sao cho thoa man phuong trinh x2 + y2 = 2% .

14. Chuing t0 raing tdng cia n s0 1& dau tién, bat dau tir s§ 1
bang n binh phuong.

15. Chung td rang, moi s8 1& bat ki, tra s8 1, la hidu cua hai
binh phuong.

Trong trudng phai Pitago, khang dinh nay dugc chding minh

bang hinh hoc d6i véi mot s6 truong hgp rieng. Hay thi xem bang
cidch nao ?

Hay khing dinh tinh ding din cia ménh d& trén ma khong cin
téi sy minh hoa bang hinh hoc.

BAl TOAN CUA HIPPOCRATE

16. Ching minh riing téng dién tich cic hinh luGi liém (hinh
ban nguyét Hippocrate) nam giita nita duong tron véi dutng kinh la
canh huyén cia tam gidc vuéng va cic nda duong tron dung trén
cac canh géc vudng cua tam gidac vudng dy ding bang dién tich cia
tam giac vudng Ay.

NHUNG BAI TOAN CUA OCUIT (Trich tir cuéh "Nguyén Ii")

17. Hay dung mot tam giac déu trén doan thing AB cho truée.
18. Hay chia géc cho truc ra hai phidn bang nhau.
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19. Hay dyng mot hinh binh hanh c6 canh bén nghiéng véi
dady mot géc cho trudc sao cho dién tich cia né bang dién tich cia
mot tam gisc cho trudc.

20. Trong mdt hinh tron cho truéc, hiay dung mot tam giac
not tidp dong dang véi mdt tam gide cho trudc.

21. Chia moét doan thing cho truéc thanh hai phan sao cho
dién tich hinh ch@ nhat c6 hai canh la doan thing 4y va doan nhd

vita chia ding bing dién tich hinh vudng cé canh bing doan thang

16n. (Bai todn di8m chia vang).

22. Chung minh rang tap hgp cic s8 nguyén t8 1a vd han.

BA! TOAN APOLLONIUS

23. Dung duong tron tiép xdc véi ba dutng tron cho trude.

NHONG BAI TOAN CUA ACSIMET (Archiméde)

24. Chaffg minh r%.ﬁg hinh tron ngoai ti€p hinh vudng c6 dién
tich gip ddi hinh tron ndi ti€p hinh vudng ay.

25. Acsimet da ching minh rang :

1) Dién tich m&i hinh tron s& bang dién tich cia mot tam giac
vudng «6.mdt canh géc vudng bang ban kinh hinh tron, con canh
géc vudng kia bang dd dai dudng tron.

2) Dién tich hinh tron ti 18 véi binh phuong duong kinh theo ti
ss 1L

14

Hay ching to rhng ci hai ménh dé cia ACSIMET tuong duong

vli quy téc tinh dién tich hinh tron hién nay la 22 r?
7

26. Tit diém B trén nita dudng tron ABC , ha dudng vudng

géc BD xudng dudng AC, trén cic doan AD va DC dung cac nua

6
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dudng tron AFD va DHC véi
duong kinh la cac doan théng
tuong dng d6 (hinh 1).

Ching minh rang dién tich
hinh AFDHCBA (hinh gach chéo)
bang dién tich hinh tron dudng
kinh BD.

27. Dién tich ctia chdom cfu bing dién tich hinh tron cé ban
kinh 12 doan thing ndi t¥ dinh chom cdu téi dudng tron day cua
chém cau.

28. Hay tim mot hinh clu c6 thé tich bang thé tich mot hinh
nén hay mot hinh try cho trudc.

29. Ching £ rang hinh try cé day la dudng tron 16n cia mot
hinh ciu va chiéu cao bing dusng kinh hinh cdu 46 c6 thé tich bang
3 th& tich hinh ciu va dien tich xung quanh bing % dién tich mat
2

ciu.
30. Tim téng cuia cdp sd nhan lui vé han sau :

1 1,2 1,3
1+;‘+ (Z) + (Z) + ..

31. Tim téng binh phuong cia n s8 tu nhién dau tién.

32. Hay néu ra cac con s thé hién s§ hat cat chia trong mot
cai binh to bang Trai Dat, hon th€ nia s hat cat chda trong mot
cai binh to bang vi tru, néu ta coi vii try 12 hinh ciu c6 tAm nam
& tam Trai D4t cdn ban kinh bing khoang cich gida Trai Dit va
Mat Troi.

33. Hay dung gin ding modt da gidc déu 7 canh bang thudc va
compa.
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34. Bai toan vé nhung con bo.

Hoi ngudi ban thong minh
Hay chi cho tdi biét
Cé bao nhiéu chu bo
Puc, cai va mau sic
Dang an c¢6 déng xa ?
Biét c6 bdn dan bo
Triang, xam, nau va dém
Véi ti 1@ nhu sau :
béi véi ld bo duc :
tring bang mia bo xam
thém phan ba ctia xam
cdng ca ld bo nau,
xam bang phan tu dém
thém phan nam dém nda
cong véi i bo nau;
s0 bo cb long ddm
bang phan sau bo tring
cong thém ld bo nau
va mdt phan bay tring.
Véi cac chi bo duc
Thi chi biét vay thai.

*

£ 3 *

S6 bd cdi mau tring
bang phan ba cia xam
(cd xam duc va cai)
cOong véi modt phan tu

tit ca ld bo xam.

Nhung riéng bo cai xam
bao gdm modt phin tu
cta li bd long ddm

coOng thém modt phan nam
dom dyc cai cdng lai.



Téng s6 bd cai 4dm
bang phidn nam bo nau
(ca nau duc, nau cai)
cdng them modt phan siu
cua ca duc cai nau.
Cudi cung, s8 cdi nau
bang phin sdu bd trng
cdng v8i mot phan bay
cla tdt ca bd tring.

*

* *

};y vay ma chua da

Bb duc tring, dyc xam
Khi x€p hang d&u nhau
Thi ¢6 hinh vubdng d4dy !
Con duc nau, dyc d6m
Xé&p dan theo bac thang
Bat dau tir mdt chu

Thi c6 hinh tam gidc.
Ban di, nao ... nghi xem ?

NHUNG BAI TOAN HINH HOC cO NOI TIENG

Bai toan gap 4doi hinh lap phuong

35. Hay dyng mot hinh lap phuong sao cho thé tich ciia né gap
doi thé tich cia mot hinh !ép phuong cho trudc. Hay thuc hién phép
dung nhd thudc dac biet "long ghép" (xem chi dén).

Bai toan chia ba mdt goc

36. Hay chia mdt géc bat ki thanh ba phin bang nhau. Hay
thuc hién viec dung hinh bang phuong phip cia Acsimet — ding

compa va thuéc chuy@n dich c6 hai difm ddnh diu (xem chi dan).



Bai toan cau phuong hinh tron
37. Hay dung mdt hinh vudng c6 dién tich bing dién tich hinh

tron cho truéc. Hay giai bai toan mdt cach gan ding nho tam giac
Bing (xem chi dan).

BAl TOAN GIPXIKL (G xu Alexandrie)

38. Ching minh rang trong mot cap sb cong cb s6 s6 hang chin
thi hiéu cla tdng nia cudi cha cic s§ hang va téng nira dau cia cac
s0 hang la mot s§ ti 1@ thuan véi binh phuong cia nia s6 s8 hang
cua day so.

Bai toan Herong (HERON)
39. Xac dinh dién tich tam giac biét ba canh ctia né lan lugt 1a
a=13,b = 14, ¢c = 15.

40. Hay tim nhung tam gidc ¢6 dién tich nguyén duong (dudc
goi la tam gidc Herong) ma 46 dai cac canh clia né la nhing so
nguyén lién tiép.

Bai toin NIKOMAKH

41. Ching té rang néu chia day s 12 thanh cic nhém véi s8 s6
hang ciia mbdi nhém tang din theo day s8 tu nhién thi tdng clia mbi
nhém ding bang lap phuong cla s§ s hang ctia nhém.

Bai toAn PTOLEMEE
42. Ching to rang trong mdt t gidc ndi ti€p dudng tron, tdng
ciac tich ciia cdc canh d6i bang tich hai dudng chéo.

NHUNG BAI TOAN CUA DIOPHANTE
(Tu ludn dé "Sé hoc")

43. Tim ba s8 sao cho s& 16n nhat hon s& 16n thi hai ding bang

1 o5 be nhit, s8 16n thi hai hon s8 bé nhat ding bang % s6 16n nhat

W

va s6 bé nhat hon 1 s5 16n thy hai ding bing 10.

3

10



44. Giai he phuong trinh :

x+y = 10
x> +y2 = 68

45. Canh géc vudng cia tam giac vudng ob sd do la lap phuong
cia mdt s8 x nao d6, canh goc vudng kia la hidu cia sd lap phuong
nay véi s§ x d6, con canh huyén bing téng cda sd lap phuong nay
véi s x 6. Hay tim cic canh cla tam giac vudng.

46. Hay chia s6 100 ra 2 phadn bang 2 l4n chia sao cho phén
16n & 1an chia thi nhat gidp d6i phdn nhé & 14n chia thd hai va phan
16n & 14n chia thd 2 gdp 3 14n phdn nhd & 1An chia thd nhat.

47. Tim hai s8 sao cho tdng cha n6é bang 20 con tich cia né
la 96.

48. Tim hai s& biét rang ti s8 cia ching bang 3 va ti s§ giita
téng binh phuong va téng cta ching bang 5.

'49. Tim ba s6 biét rang tich cda téng cia hai s8 diu tién véi
sd thd ba bang 35, con tich cia tdng cua s3 thd nhit va s6 thd ba
véi s5 thit hai la 27 va tich ciia tdng céia 8 thd hai va s8 thd ba véi
s6 dau tieén la 32.

50. Tim hai s3 bist rang tich cia ching dem cdng véi mdi sO
la lap phuong cia modt s nao do.

51. Tim ba s& sao cho tdng cia ca ba s8 14n tdng cla ting cap
déu {4 nhing s8 chinh phuong.

NHUNG BAI TOAN CUA PAPPUS & XU ALEXANDRIE
(Tu tac pham "Tuyén tap toéan hoc")

52. Hay dung mot duong thang di qua mot diém D cho trudc
nam trén phan giic cia modt goc sao cho doan thang bi chén béi hai
canh cua géc bang mot doan cho trudc.

53. Chiing minh rang trong cadc hinh tron thi dién tich cia céc
viédn phan déng dang ti l@ véi binh phuong cua day cung day.

11



54. Ching minh rang trong mbi tam giac thi dién tich ctia hinh
binh hanh c¢6 canh la canh cla tam gidc véi hai dinh nAm ngoai tam
gidc thi bang tdng dién tich cta hai hinh binh hanh ldy hai canh kia
lam canh sao cho cac canh song song véi canh cia tam giac di qua
hai dinh cta hinh binh hanh ban dau.

NHONG BAI TOAN TU *TUYEN TAP HI LAP"

55. C6 mot ngusi hoi Pitago c6 bao nhitu hoc trdo, Pitago tra
loi : "Mot nda s6 hoc trd cda tdi hoc toan, mdt phadn tu hoc nhac,
mot phén bay dam chieu, ngoai ra c¢6 ba c6 gii". Héi s6 hoc tro cua
Pitago la bao nhiéu ?

56. Khi thiy Erot (Kros) khée, Kiprit (Cypris) hdi tai sao, Erot
tra 1oi : Em c6 ldy modt 8 trai tdo ¢ vusn Helicon (Hélicon), ngay
sau d6 bi Eptépa 14y mat 1 phan 12, Kli6 lay mat 1 phin 5, Talia
1&y mit 1 phan 8, Menpomena l&y mat 1 phan 20, lai con bj Terpcikhopa
lay mat 1 phdn 4, Eratd ldy mat 1 phadn 7, Polimnhia 1y 30 trai,
Uranhi ldy 120 trai, Kanniopa liy cia em 300 trai, vi vAy hién gio
em chi con c6 5 chuc trai thoi.

Hoi Erdt da hai bao nhieu trai tédo ?

57. Ba cd gai c6 cung mdt s8 trai ciy, gap 9 chang trai. Ho
tang cho mdi chang trai cing mét s trai cay. Sau d6 thi mbi chang
trai va mbi cd gai co6 cung mot s8 trai cay. Hoi mbi cd gai hic dau
c6 bao nhieu trai cay ?

58. Chuyén ké rang Polypheme dugc dic thanh mot tugng dong
khdng 16 mo6t méat. Sau d6 cho nudc chay ra qua Ong tay, qua mat
va qua miéng cia tugng khéng 16 moét mat dé. Biét rang voi nudc
chay ra tir dng tay sau 3 ngay thi ddy bé nudc, voi nuéc chay ra tiur
mit sau 2 ngay thi ddy bé nudc, con voi nudc chay ra tit miéng thi
chi sau 2 ngay la ddy b€ nudc. Hoi ca 3 voi nude cung chay mot lic

S
thi bao lau day b& nusc ?

12



59. Hai con vat La va Lita chd nang di bén nhau. Liua kéu ca
vi phai mang nang. La thiy .vay bén néi : "Cau kéu ca néi gi, néu
t6 mang ho cau mot bao thi hang cia td nang gip doi cua ciu diy.
Con nédu cau mang hd td mét bao thi hai dda minh mdi mang nang
bang nhau".

Hoéi mdi con Lita va La chd niang bao nhidu ?

60. Mot ngusi hoi thdn thoi gian Khronos ring : Bao nhidu gio
cia mdt ngay da trdi qua rdi ? Than tra 1i ring : Bay gid chi con

lai 2 14n % ciia s5 g0 da tréi qua. VAy bao nhitu gits da troi qua, bist

rang ngudi Hi Lap cd tinh mot ngay chi c6 12 gis ?

BAl TOAN CUA METRO DO (BOAN TUG))

61. Diophante la nha todn hoc o8 Hi Lap. Ong sinh nam 325,
ch&t nam 410 truéc Céong nguyén. Trén md dng, ngudi ta khic mot
tdim bia d4 ghi tém tAt cudc dvi ong nhu sau :

"Hdi nguti qua dudng ndi day nha todn hoc Diophante yén nghi.
Nhing con s8 sau cho biét cudc doi ong : -

— mot phan siu cuéc doi 1a thoi nién thi€u

— mot phin 12 nda trdi qua, rau trén cam da moc

— Diophante 1ay vg, mjt phan bay cudc dvi trong canh hiém hoi
— nAm nam trdi qua : dng sung sudng sinh con trai diu long
— nhung ciu con trai chi sdng dugc mdt nita cudc ddi cia cha

~ cudi cung v6i ndi budn thuong siu sic, éng cam chju s8 phan
sdng thém 4 nam nia sau khi con éng lia dui".

Ban thui tinh xem, Diophante tho bao nhigu tudi ?

13



NHUNG BAI TOAN CO TRUNG HOA

NHUNG BAI TOAN TU CUON *CUU CHUONG THUAT TOAN".

62. 5 con bo va 2 con ciru gia 11 lugng, con hai con bdo va 8
con citu gia 8 lugng. Héi médi con gia bao nhidu ?

63. Ba thung théc ddy nhu nhau trong kho bi 3 tén trom liy.
Sau d6, nguvi ta thiy ring thing thd nhit con lai 1 lugng théc,
thung thd 2 con 1 can 4 lugng théc, thung thi 3 con 1 lugng théc.
Bon trom bi bat khai rang, tén thi nhit dung xéng xic théc tu
thung thid nhit, tén thd hai dung dau gb xic théc tir thung thu hai,
con tén thd ba dung bat xic théc tir thung thd ba. Mbi xéng xic
duge 1 can 9 lugng, dau gbd xic dudc 1 can 7 lugng, con bat xic
dugc 1 can 2 lugng.

Hay tinh xem mdi tén trom lay bao nhidu théc, biet rang 10
lugng bang 1 can, 10 can bang 1 y&n, 10 y&én bang 1 ta.

NHUNG BAl TOAN TU "NHAP MON THUAT TOAN".

64. Hay xac dinh cdc canh cha tam giac vudng biét dién tich
va chu vi cua né.

BAI TOAN DONG DU

65. Tim mot s& biét rang néu chia s8 d6 cho 3 thi du 2, chia
cho 5 du 3, chia cho 7 du 2.

NHUNG BAI TOAN TU TAC PHAM
“TOAN HOC TRONG CHIN CUON*

66. Mot vua théc c6 chiéu rong 3 trugng, 8hiéu dai 4 trugng.
Khi vua chita didy thi dugc 10.000 bach. Héi chiéu cao vya la bao
nhiegu ? (Biét rang 1 bach = 51,775 lit; 1 trugng = 3,2 mét).

67. Mot cay tre c6 9 d6t. Thé tich cha 3 ddt dudi la 4 bat,
cia 4 dot trén cung la 3 bat. Héi thé tich cia mdi dot & gida la

14



bao nhigu, bist rang thé tich mdi dét khac ddt bén canh mot lugng
bang nhau.*.

68. Khdi lugng cliia modt ddng vang cé6 9 thoi va mdt ddng bac
c6 11 thdi 1A bing nhau, n€u chuyén 1 thdi vang sang d6ng bac va
1 thoi bac sang ddng vang thl d6ng vang nhe di 13 lugng. Hdi kh6i
lugng mbi thoéi vang, mbi thdi bac la bao nhieu ?

69. Hai con ngua cung chay tit A d&n B, cdch nhau 3000 dam.
Ngay déu ngua thi nhit chay duge 193 dam va mbi ngay ti€p sau chay
them duge 13 dam n&a. Ngya thd hai, ngay dau chay duge 97 dam,
nhiing nghy sau chay cham lai nta dam. Ngua tht nhédt dén B rbi
quay trd lai A, gap ngua thya hai & gifa duong. Hoéi sau bao ngay thi
ching gap nhau va khi d6 méi con da chay duge bao nhieu dam ?

70. 5 con trau va 2 con citu gia 10 lugng vang; 2 con trau va
5 con cuiru gid 8 lugng vang. Hoi médi con gia bao nhiéu ?

71. Tit 3 bé lia nang suiat cao, 2 bé lia nang suit trung binh
va 1 b6 lia nimg suit thip thu duge 39 hoc théc. T 2 bé lia ning
suflt cao, 3 b6 lia ning suit trung binh va 1 bé lia nang suit thap
thu duge 34 hoc théc, con 1 bé lia ning suiit cao, 2 bé nang suit
trung binh va 3 bé lda nang suéit thadp thu duge 26 hoc théc. Hoi
mbi bé lia cia mdi loai thu dugc bao nhidu hde théc ?

72. Hai b6 lia nang sudt cao, 3 b6 nang suit trung binh va 4
b6 nang suit thap d8u thu duge chua day 1 hoc théc. D& duge da 1
hog théc thi cAn thém vao & hai b6 lia nang suét cao 1 bé hia nang
sult trung binh; thém vao & 3 bé lia nang suit trung binh 1 bé lia
nang suit thip va thém vio & 4 b6 lia nang suit thiap 1 bs lia nang
sult cao. Héi mdi b6 ctia mdi loai thu dugc bao nhigu ?

73. Hai b6 lda loai A, 3 b6 loai B va 4 bd loai C déu thu duge
hon 1 y&€n théc. S8 théc thu duge tit 2 b6 loai A hon 1 y&n ding
bang s8 théc thu duge tir 1 b6 loai B; s8 théc thu dude ti 3 bo loai
B nhiéu hon 1 ta ding bang s6 théc thu duge tir 1 b6 loai C va s8
théc thu duge tir 4 bo loai C nhidu hon: 1 ta ding bing s§ théc thu

duge tir 1 b6 loai A. Ho6i mdi b6 clia mdi loai A, B, C thu dugc bao
nhiéu ?



74. Ngudi ta ban 2 con trau, 5 con citu d& mua 13 con lgn thi
con thita 1000 "déng". Pem bian 3 con trau, 3 con lgn rdi mua 9 con
ctru thi vita d4; con n&u ban 6 con citu, 8 con lgn dé mua 5 con trau
thi thiéu 600 "dong"

Héi mbi con trau, citu, lgn gia bao nhidu ?

75. 5 nha dung chung 1 giéng nuéc. Dé gdu mic cham dén
dugc mat nudc thi véi 2 day thiung cia nha A thi€u ding bang 1
day thing ctia nha B, véi 3 day thung cua nha B thi€u ding 1 day
ctia nha C, 4 day thung ctia nha C thidu ding 1 day cta nha D, vdi
5 day ctia nha D thi cAn them 1 day cia nha E, cdn véi 6 day cua
nha E thi thigdu 1 day cia nha A nda.

Hoi giéng sau bao nhidu va 40 dai cda mbi loai day thung ?

76. Mot bé nudc c6 canh 1 trugng. Gida b cé moc 1 cay siy

nhd cao 1 trugng. Néu kéo cay say vao by thi ngon ciy vira cham
10
b, Hoi b& nuéc siu bao nhidu va cay siy cao bao nhigu ?

77. Hai ngudi di bd A va B cung xuit phat tt mot di€m, bist
van tdc cia A 1a 7 con cia B 1a 3. B di vé huéng dong; con A di vé
phia nam, sau khi dugc 10 dam thi d6i hudng chéo (dong — bic) va
gap B. Hoi mdi ngusi A va B di dugc bao nhitu dam dudng ?

78. Mdt canh cita c6 chiéu cao hon chiéu rong 6 t:ffc 8 phan, dudng
chéo clia clta s8 dai ding 1 trugng. Héi kich thudc cla cia s6 ?

Luuy : 10 phan = 1 tic; 1 phan = 32mm; 1 trugng = 3,2 met)

79. Mot toa thanh hinh vubéng, chua biét 46 dai canh. Tai trung
di€ém mbdi canh la ctra thanh. Cach cia Bac 20 bd c6 1 cdt co. Néu
di doc ti cita phia Nam 14 bd rdi chuyén sang huéng tay, di them
1775 bd nita thi c6 thé nhin thay cdt c. Hoi canh ctia tda thanh dai
bao nhigdu bd ?

80. Dudng kinh chia mot cai giéng la 5 tic, chiéu sau chua ro.
Tu miéng giéng dat modt cly sao 5 tic dp siat thanh giéng thi diu
kia cham mat nudc. Ti dinh sho nhin chi®u thing xudng day gi¢ng
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theo mat kinh (theo dudng chidm cham
trén hinh 2) thi diém "cham” mat nuée
céch thanh giéng 4 phan. Hoéi giéng sau
bao nhiéu ? (1 tic = 10 phan).

81. Hay tinh th€ tich mdt hinh
nén biét ring chu vi day 1a 3 trugng 5
tac, chiéu cao 1a 5 trugng 1 tdc.

82. Tinh thé tich hinh nén cut cé
chu vi ddy dudi la 3 trugng, chu vi day

trén 14 2 trugng va chiu cao bang 1 trugng.

83. Hay tinh canh ciia mdt hinh vudng ndi ti€p trong mdt tam

gidc vudng vdi hai canh géc vudéng c6 s6 do la 12 bo va 5 bd

(1 bd = 1,6 met).

84. D& tinh khoang cdch d&n mot cii cdt & xa ngudi ta lam nhu
sau : trong thém 3 cht nda, mdi cdt cich nhau 1 trugng sao cho
cung véi cbt ¢b sin tao thanh médt hinh vuéng nhm vé phia bén tréi
nguti quan sat (hinh 3). Bigt rang khoang cach tir cpt thi hai dén

diém 1 1a 3 tdc. Tu d6 sé tim ra dugc khoang

M cich tu M d&n N. Giai thich tai sao ?
i‘\\ 85. Dinh nii (A) & phia tay cia ciy cdt
' (B) (hinh 4). Cot cao 9 trugng 5 tdc va cich
\ ndi vé phia tay 53 dam. Mot nguti ding ciach
\ cdt 3 dam vé phia dong nhin thiy dinh ot
\ va dinh ndi trung nhau. Bi€t muc nhin cia
\ ngudti 46 3 chi€u cao 7 téc, héi nii cao bao

NI nhiéu ?
1g=——-x""12
‘\ A

-—— e o W -
-
- e o wm o am am o

Hinh 4
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BAI TOAN CUA LUU HOA (LIUHUE)

86. Dé xac dinh chidu cao cia mot ciy thong moc trén dinh
d6i, ngudi ta lam nhu sau : Dat hai cay sho mbi cay dai 20 trugng
trén c¢dnh ddng cdch nhau 50 trugng, sao cho hai cly sao 8y va cay
thdong thing hang. Pung cach sio thu nhit 7 trugng 4 thudc thi thay
ngon sao thi nhat va dinh ciy théng tring nhau. Ding cich sao thu
hai 8 trugng 5 thudc cing thay
ngon sao thd hai va dinh cay
thong trung nhau (hinh 5).

Tt d6 tinh ra dugc chiéu
cao clia ciy théong va khoang
cach tit ciy sao thd nhit dén
ngon d8i ? Tai sao ?

NHUNG BAI TOAN CO AN PO

NHUNG BAI TOAN TU BAN THAO BAKHOSALI

87. C6 4 ngudi di chua cing 8. Nguti thit hai cing 1& gip doi
ngudsi diu tién, ngudi tha ba cing 18 gidp 3 14n nguoi thd hai, con
ngudi thd tu lai cing 18 gip 4 1an ngudi thy ba. Bidt ring ca bdn
ngudi cing 123 nén vang. Hoi ngusi thi nhit cing 1& bao nhiéu ?

88. Hay tim mdt s0 sao cho néu them vao 5 hay bét di 11 thi
déu dugc sd chinh phuong.

BAlI TOAN CUA SRITDOKHARA

89. Mot phan nam dan ong dau trén hoa TAO, mot phan ba
dau trén hoa CUC, s8 ong dau trén hoa HONG bang hidu cda s8 ong
dau trén hoa TAO va hoa CfIC; con lai 1 con ong dau trén hoa MAI.
Héi dan ong c6 bao nhigu con ?

18
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NHUNG BAI TOAN CUA ARIAPKHATA

90. Hai thién thach cach nhau moét khoang d cung bay lai phia
nhau véi van toc v; vA vy . Hay tinh di€m ching gap nhau.

91. Hay tinh téng cdc s8 hang cta day s§ tam gidc (chd thich:
day s§ tam gidc 1a day s8 ma s§ hang téng quat cla né c6 dang

n(n + 1) ).
2

92. Hai nguti c6 modt s6 vén nhu nhau bao gbm mot s3 do vat
o6 gia tri bing nhau va modt s8 tién nao 46, nhung bi&t ring sb
lugng 46 vat cia hai ngudi khiac nhau. H6i mbi d6 vat o6 gia tri
bao nhiéu ?

93. D& tinh dién tich hinh tron, ngudi An Do c8 dua ra mdt quy
tic : chia dudng kinh hinh tron thanh 15 phan bang nhau, liy 13 phin
ciia né lam canh mdt hinh vudng thi dién tich cia hinh tron sé bing
(xap xi) dién tich cda hinh vudng. Hay x4c dinh gn ding s8 # trong
trudng hgp nay va danh gii sai s6 dén mot phan nghin.

NHUNG BAI TOAN CUA BRAMAGUPTA

94. X4c dinh chiéu cao clia ngon Bach Lap biét @6 dai cia béng
cia mot cay ghy dat & hai vi tri khac nhau (th&ng hang véi ciy @én)
va bigt khodng cach gitta hai vi tri cia ciy gay 6.

95. Chuing iinh ring dudng kinh cla vong trdon ngoai ti€p mt
tam gidc bing tich ctia hai canh chia cho dudng cao ha xudng canh
‘thi ba. |

96. Ching td ring binh phuong cua mft day cung vudng géc
v6i dudng kinh cta hinh tron, chia cho bdn 14n mft trong hai doan
cia dudng kinh da dugc chia rfi chng véi chinh doan 46 thi bing
duong kinh hinh tron.

97. Cing tu bai todn 96, chdng td riing doan nho bj chia ra
trén dudng kinh bdi mdt day cung vudng goc véi dudng kinh bang
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mdt nira hidu gita dudng kinh va cin bac hai cia hiéu binh phuong
gita duong kinh va dp dai day cung.

NHUNG BAI TOAN CUA BKHASCARA

98. Pem nhan mét s véi 5 rdi trir di -:1; s6 d6, duge bao nhiéu

chia cho 10 rdi cdng them vao 1 , 1 va L8 d6 thi ta o6 kst qua 1a

3 2 4
68. Hoi s6 d6 1a s6 nao ?

99. Chiing to rang :
V10 + V24 + V40 + V60 = V2 + V3 + V5

100. Hay x4c dinh mot tam gidc vudng n&u biét ring do dai
canh huydn va dién tich tam gidc duge bidu thi bdi cing moét s8.

101.  Bi€t hai cay tre trong thdng xudng dit c6 46 dai l1a m va
n, caich nhau mét khoang bang d. Hay tinh 40 dai dudng vudng géc
ha tit giao di€m cla hai duong thidng néi dinh ciy tre nay véi gbc
cay tre kia xuSng mat dit va tinh céc khoang cich tiu chan dudng
vudng géc ay d&n hai chan cay tre.

102. Mdt ngudi néi véi ban "Néu anh cho tdi 100 rupi thi toi
sé giau gdp doi anh !". Nguoi kia tra 15i : "N&u anh dua cho tdi chi
10 rupi thdi thi toi sé gidu gip 6 lan anh". Hoi mo6i ngudi c6 bao
nhiéu tién ?

103. Giai phuong trinh bac hai tong quat :

ax?+bx = ¢

104. Can bac hai nia dan ong bay tdi bui hoa nhai, tim phén
chin dan ong vAn con trong t8, mot ddi ong duc cai bj mac trong
bdng sen. Vay hoi rang dan ong c6 bao nhiéu con ?

105. Tim modt s8 bi€t ndu nhan s6 d6 véi 12 rdi thém vao lap
phuong cia s8 d6 thi k&t qua bang 6 ldn binh phuong s6 d6 cdng
véi 35.
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108. Giai phuong trinh
x* - 2x% ~ 400x = 9999

107. Tim chiéu cao cia mdt hinh vién phan n&u biét dudng kinh
cua cung tron va day cung day.

108. Tim nghiém hiu ti cia phuong trinh :
ax + by + ¢ = xy
109. Hay cho bi&€t s nao ma khi dem nhan véi 3 réi cong thém

vao i— tich vira tim duge, dugc bao nhiéu dem chia cho 7, rdi lai giam

di % s6 tim dugc, duge bao nhidu dem nhan véi chinh né réi giam

di 52, sau @6 ldy can bac hai, them vao 8 réi chia cho 10 thi s& dugce
2? '

110. Mot bay khi chia lam hai nhém.
N&u nhém ddu c6 s8 khi bing s6 binh phuong ciia .lé s khi thi
nhém sau cé6 12 chd khi.

Héi bay khi cé bao nhiéu con ?
111. By khi cé bao nhiéu con néu ldy -;- bay khi bét di 3 con

réi binh phuong lén thi con du 1 ?

112. Con trai cua Prikhi mang mdt bo tén di gist giac. Nia sd
tén anh dung d€ bao vé minh, 4 18n can bac hai s6 tén dung dé ban
ngua, 6 mii tén ban tring ngudi ddnh xe cla giic, 3 mii tén pha
héng rao che cla gific va chi con 1 mii tén cudi cing xuyén qua dau
gidc. Hoi con trai cGa Prikhi cé bao nhieu mdi tén ?

113. Mudi 14n can bac hai s8 s&u cla mdt dan sdu bay vé phia
ho; % dan tron vao bui cdy, con lai 6 con bay loan xa trén ho. Hoéi
dan séu c6é bao nhiéu con ?
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114. Trén mat hd c6 modt bdng sen nhd cao lén nda "thude”,
bbéng c6 mdt ngon gié thdi lam bdng sen nga vé mot phia, cham mat
nudc, cach xa chd ci 2 "thuéc”. Héi hd sau bao nhigu ?

115. C6 mdt cay duong moc don doc giita déng, bdng nhién gi6
th8i manh lam n6 gly gaAp xudng, ngon cay cham dat cach géc 4 "thudc”,
ti gbc lén dén chd gy 3 "thuéc". Hoi cay duong cao bao nhiéu ?

NHUNG BAI TOAN CUA PARAMADISVARA

116. Tim mot s6, biét riing n&u nhan né véi 3 rdi dem chia cho
5 roi tang lén 6 don vj, dudc bao nhiéu 14y can bac hai rdi bét di 1,
binh phuong k&t qua lén thi dugc 4.

117. Giai phuong trinh
y2 = ax? + 1
(sau nay & chau Au ngudi ta goi 1a phuong trinh Pell).
118. Ching minh ring trong ti gidc ¢6 hai dudng chéo vudng

géc thi can bac hai cia tdng binh phuong cia hai canh d8i bang
duong kinh dudng tron ngoai ti€p td gidc 6.
NHUNG BAI TOAN CO A RAP
NHUNG BAI TOAN CUA AN KHOREDOMI

119. Giai cac phuong trinh bac hai :

1) 5x%2 = 40x
2) 2542 = 100
9 .

3) 10x = x2 + 21
4) x2 = 12x + 288
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) x2+201 = 1114

4 4

6 Lx2+ L x =19
12 12

120. Hay dung mot hinh vudng ndi ti€p modt tam gidc can c6
canh bén bang 10 va canh d4y bang 12.

) 1 )
121. Tim mot s sao cho bét di  va -;- s6 d6 thi con du lai 8.

NHONG BAI TOAN CUA AVISENNA
122. Ching t6 raing néu mot s8 chia cho 9 du 1 hoac du 8 thi
binh phuong cia né chia cho 9 du 1.

NHUNG BAI TOAN CUA ANCAROKHI

123. Tim mét s6 dé khi nhan véi 3 + V5 thi duge 1.
124. Giai he¢ phuong trinh :

2 +y? = 22

xz=y2

xy = 10
125. Tim dién tich hinh chd nhat c6 chidu dai g&p doi chidu
rong va sd do cua dién tich va chu vi bang nhau.
BAI TOAN CUA OMA KHAIAM

126. Giai phuong trinh - +21 = 11

X2 X 4

NHUNG BAI TOAN CUA BEGA ETDIN

127. Chia s6 10 thanh hai phin sao cho hi¢u ctia ching bang 5.
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128. Daida dudgc hda thudng phin lén trong hai phian thudng
c6 tdng gid trj bang 20. Tich cta hai phdn nay 1a 96. Vay phén
thuéng clia Daida s& 13 bao nhieu ?

129. Biét chidu cao h, cic ban kinh r, R cia hai ddy mét hinh
nén cut. Hay xac dinh chiu cao cua hinh nén tuong dng.

130. Tim mdt s8 biét ring sau khi nhan véi chinh né réi cong
thém 2, sau d6 gip d6i lén rdi cong thém 3, dugc bao nhidu chia cho
5, cudi cung nhan véi 10 ta duge 50.

NHUNG BAI TOAN CUA AN CASI

131. Mot ngon gido cAm xudng nuéc con nhd lén khoang 3
khuyu tay. Khi gié théi, né nghiéng di trong nudc va dinh ngon giso
cham mat nudc, cach chd ci 5 khuyu tay. Vay ngon gido dai bao
nhiéu ?

132. Ching minh rang d6i v6i mot s6 ty nhién n bat ki thi:

1*+2¢+3%+ .. +n* = L (6n° + 15n* + 100® - n)
30

(cdn goi la ddng thuc AN CASI)

NHUNG BAl TOAN CUA AN CANXADI

133. Tim mdt s8 bi€t ring khi nhan né véi 7 rdi cdng véi né
nhan véi 6 thi dugc 25.

134. Tim mdt s sao cho tdng & va L ciia né bang 21.

3 4



NHUNG BAI TOAN NGA

NHUNG BAlI TOAN TU BAN THAO THE Ki 17

135. Bdn thg moc duge thud Jam nha. Ngudi thi nhit néi "Néu
chi minh tbi lam thi mat 1 nadm méi xong". Ngudi thi hai néi : "N&u
minh tdi lam thi phai mit 2 nam"; ngudi tht ba néi: "Riéng tdi phai
mat 3 nAm"; cdn ngudi tha tu thi néi: "Toi phai mit 4 nam méi lam
xong !". Héi ca bon ngudi cung lam thi bao lau mdi xong ngdi nha ?

136. Su tu an thjt 1 con cuu hé&t 1 gig, s6i an 1 con ciuu hét
2 git con ché an 1 con citu hét 3 gis. Néu ca ba con su ti, s6i va
ché cung an thi bao lau hét 1 con ciu ?

137. Mbdt ngusi dem gid tring di ban. Ngudi mua hoi : "Anh
¢6 bao nhidu tning ?". Anh ta tra 13i : "T6i khong nhé r6 1a c6 bao
nhiéu, chi biét rang khi x&€p vao gié titng 46i mot thi thita ra 1 qua,
néu x8p vao gid 3 qua mot thi vin thita ra 1 qua va x€p 4 qua mot
vin thira ra 1 qua, néu x&p vao gidé 6 qua mot thi vin thia 1, con
néu x& 7 qua mdt thi vira a4, khéng thira qua nao". Hoi trong gid
c6 bao nhigu tring ?

NHUNG BAlI TOAN TU CUON *s6& HQC* CUA MATNHITXKI

138. Mot ngudi mua 112 con citu ca gia 1An non hét 49 rup
20 antun'?, gia mot ciru gia 1a 15 antun 2 denghi, con gid mdt clru
non la 10 antun. Hoéi anh ta mua bao nhiéu ciru gia, citu non?

139. Mot ngudi héi thdy gido : "Lép cia thdy cé bao nhidu
hoc tro ?*, thdy dap : "Néu them vdo cad s8 hoc tro tdi cf, rdi lai

them moét nida s6 hoc trd cha tdi, rdi them -i— s6 hoc trd va ca con

trai cia dng nia thi s la 100", Hoi 16p thidy c6 bao nhitu trd ?

(1) 1 antun = 3 cépée, 1 rup = 100 cédpéc; 1 denghi = copéc.

1
2
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140. Mét nguvi lam cai vong day thung cé duong kinh la §
asin(*), vong nay cdt duge 100 ngon gido vao trong. Hoi néu lam vong
day o6 duong kinh 7 1 asin thi vong day d6 cpt duge bao nhidu ngon

2

gido ? (Ludn gia thidt rang gido dugc cdt lai thanh bo hinh tron).

141. Mot hinh vanh khuyén cé chu vi ngoai 440 asin, khoang
cach tit by ngoai vao bo trong la 14 asin. H6i chu vi dudng tron @
trong la bao nhigu ?

142. Mbt ngudi leo 1én tudng cao 117 bo biing thang. Néu anh
ta ldy thang dai 125 bd thi phai dat thang cidch tudng bao nhiéu dé
leo 1&én vira hét bic tuong thi hét thang ?

143. Mbt nha kho c6 nén nha hinh vudng. Mdi canh cda hinh
vudbng dai 9 bd. Ngusi ta dat mot cai thang dai 41 bd tir chan mot
bic tudng goi lén bg tuong ddi dién thi via van.

Héi nha kho cao bao nhigu ?

144. Mot ngusi mudn dat vang vao qua tio c6 duong kinh 9
phut (1 phut = 0,305m). Mbi la vang dai 4 sdn, rong 2 sdn
(1 sdbn = 3,54cm). Hoi cAn phai dung bao nhiéu la vang ?

145 Mbt ngusi di tt Maxcova d&n Voldoga, mbi ngay anh ta i
dugc 40 vexto. Sau ding mdt ngiy mdt ngudi khac cling di tt Maxcdva
dén Voldga, mdi ngay ngudi dy di duge 45 vextd. Hoi sau bao lau hai
nguoi gap nhau ?

146. Mot ngudi rao ban con ngya cia minh 156 rup. Lai budn
ndi gia cao qua. Ngudi ban dé nghi ban cidch khac va néi : "Néu éng
thiy gia cao qua thi mua dinh & méng ngua vay, con ngya thi cho ong.

Méi méng ngua c6 6 chiéc dinh, toi ban chiéc dau tién 1 copéc, chiée
4

thu hai % cdpéc, chiéc thit ba 1 cbpéc, dng ci thé mua, chiéc sau gia

(*) 10 asin = 0,711m
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gap ddi chiéc trudc”. Lai budbn nham tinh nhu th& chua d&n 10 rup va
ddng y mua. Hay tinh xem l4i budn 16 bao nhiéu ? (1 rup = 100 copéc).

147. Cé6 ba cbi xay gi6, trong mot ngay cdi thit nhdt xay duge
60 bao, cdi thi hai xay dugc 54 bao, con odi thu ba xay dugc 48 bao.
Mot ngudi mang 81 bao dén xay, mudn nhanh da d3 vao c3 3 cbi xay.
Hoi cin bao lau thi xay xong va mdi cdi xay dugc bao nhiéu bao ?

148. Mot quy ong sai thg lgp mai nha hinh nén véi chu vi day
120 bd, chidu dai tir dinh hinh nén tdi day Ia 32 bd. Dung loai ni dé

Igp véi gid 2 mip / 1 asin, mdéi tdm ni c6 chiéu rong 2 -;— asin. Hoi phai
can bao nhiéu asin ni va gia phai tra 1a bao nhiéu ? (1 b = é asin).

149. Hay tim mot s6 bi€t s6 d6 khi chia cho 2 du 1, chia cho
3 du 2, chia cho 4 du 3 va chia cho 5 du 4.

150. Bai toan vui : Hay danh s§ cdc ngay trong tuin ti cha
nhat bing cac s8 : 1, 2, 3, ..., 7 (thu 7).

Mot ngudti nghi dén m@i ngay nao 46 trong tuin. Hay doan xem
anh ta nghi dén thi miy néu ta yéu cdu anh ta lam cic phép tinh
don gian sau :

1) Nhan s6 thd ty cua ngay d6 véi 2
2) Thém 5 vao tich d6

3) Nhan téng vira tim dugc vdi 5

4) Nhan tich vdi 10

Sau d6 néi k&t qua.
151. Mot ngusi di bd tir thanh phd v8 qué mit 17 ngay. Mét

ngudi khac @i bd tit qué 1én thanh phé hét 20 ngay. Ca hai clng
xufit phdt mdt gis t& noi minh di. Hoi sau bao lau ho gip nhau ?

152. Mot ngudti di shm d6 choi cho con. D6 choi diu tién phai

trd mat % s6 tién mang di, c&i thy hai phai tra S s§ tién odn lai, 48
7
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choi thd ba phai tra 3 s tién con lai sau khi mua d6 chagi thd hai.

5
Vé dén nha trong tidi con 1 rup 92 copéc.
Héi lic dau ngusi d6 dem theo bao nhiéu tién va da mua d8
choi hét bao nhieéu ?

153. Tim mdt s& bidt rang sau khi cdng binh phuong cia né
véi 108 ta dugc mot s§ gdp s6 phai tim 24 14n.

154. Mot ngusi dung mét thung nudc hét 14 ngay, con néu
cung dung véi vg anh ta thi h&t 10 ngay. Hdi chi riéng nguti vg
dung mot thung nudc hét bao nhidu ngay ?

155. Mot ngudi thué thg lam viéc trong vdng 1 nam vdi tién
cong 1a 12 rup va 1 chiéc do khodc. Nhung mdi lam dugc 7 thang
ngudi thg phai v8 qué. Nguti chi trd cong cho anh 5 rup va chiéc
a0 khoac. Héi chiéc 40 khoac gid bao nhiéu ?

NHUNG BAlI TOAN CUA GONBACH

156. Chuing minh rang moi s8 dang 4n* + 1 (n la s8 ty nhién)
chi c6 th& 1a s8 nguyén t6 véi n = 1.
157. Tim tdng cia nhing phan s§ dang :
1 .
(n + l)m+1

trong 46 n, m 13 nhdng s§ tu nhién.

158. Moi s& 1& 16n hon 5 d8u bidu dién duge dudi dang tdng
cuia ba s8 nguyén t0. Hay kiém tra ménh d& nay v6i mot vai s cb
hai ch s& !
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NHOUNG BAI TOAN CUA OLE (EULER)

159. Mbi s0 chin 16n hon hay bing 4 c6 thé€ biéu dién duge
dudi dang tong cia hai s§ nguyén t5. Hay kiém tra ménh d& nay
bang mot vai s6 c6 hai chit sd.

160. C6 thé di qua 1an lugt ca 7
cai ciu béc trén sdng Prége & Kenixbecgo | ﬁ @@g—
(nay 12 Kaliningrat) ndi cic hon do sao VEE) N
cho mdi ciu chi di qua c6 mdt 14n khong? Q
(Xem hinh 6). Hinh 6

161. Hai ngudi nong dan dem 100 qua tring ra ch¢ ban, sd
tring cia hai ngudi khéng bang nhau, nhung ci hai déu ban duge
mdt s8 tién nhu nhau. Mdt ngudi néi vii ngudi kia : "Néu tat ca tring
cia anh la tring cda toi thi tdi ban duge 15 ddng”. Ngudi kia cing
ndi lai 12 : "Né&u tit ca tring cha anh I ctia toi thi tdi chi ban dugc

6% déng thai". Hoi mbi ngudi c6 bao nhitu qua tring?
8 — 5V2
3-2vV2

163. Ching minh ring trong mot tam gidc thi trong tam, truc
thm va tam dudng tron ngoai ti€p thing hang (dudng thing Cle).

162. Bién 4d6i :

164. Tim mot sO néu ldy thira 4 né 18n r6i dem chia cho méot
nia cua né rdi chng véi 14 1 thi duge 100.
4
165. Ching minh ring tich ciia hai s§ ma mdi s§ la tdng cia

bdn 6 chinh phuong cling la mdt s3 bing tdng cia bdn s8 chinh
phuong,

166. Chuing minh ring trong mot ti giac thi tdng binh phuong
cic canh bing téng binh phuong ciac dudng chéo cong véi bon lan
binh phuong doan ndi trung diém hai dusng chéo.
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NHONG BAI TOAN TU CUON *TOAN HOC THUAN TUY"
CUA VOICHIAKHOVSKI

167. Mot thuyén trudng tra I8i cau héi vé s§ quan trén tau cua
ong ta la : "% dang gic, -}I dang lam vigéc, 27 ngudi nam ¢ tram quin
y". Hoi tau cla dng cé bao nhiéu ngudi ?

168. Mbdt con ché dudi theo mdt con thd & ciach xa minh
150 xagien'’. Thé chay 2 phut duge 500 xagién, ché chay trong 5
phit duge 1300 xagién. Hoéi trong bao lau ché duéi kijp thé ?

169. Mot ngudi mua modt phidn rudi cla hai phidn rusi tim ni
phai tra ba phin rudi cia bdn phdn rudi rup. Héi néu ngudi d6 mua
sdu phan rudi cia tdm phin rudi tAm ni thi phai trd bao nhiéu ?

170. Mot ngudi néong dan d6i thé lay ga. 2 thé ddi ldy 3 ga,
mbi con ga d& ra s tring bing é téng s& ga Sau d6 ngudi nong

dan ban tring, ci 9 qua thi thu dugc mot so ti€n (tinh bang copéc)
ding bang s8 tring mdi con ga dé. S8 ga nay ban dugc 24 antun'?.

Hoéi ¢6 bao nhidu ga va tho ?

171. Mot ngusi Phap vui tinh budc vao quan rugu véi mot s8
tién trong tdi, anh ta vay chi quidn mot sb tién bang sd tién minh
c6 va khi ra vé& anh ta phai tra tién rugu 1 rup. Véi s8 tién con lai
anh ta lai vho quan rugu thua hai, lai vay mot s8 tién duing bang sd
tién trong tii va lai phai tra 1 rup tién rugu khi di ra. Ci nhu vay
anh ta vio quan thd ba, thi tu. Bi€t raing ra khoi quan thi tu thi
anh ta h&t sach tién. Hoi hic ddu anh ta c6 bao nhidu tién ?

172. Bon du khach : Lai budn va con gii, ngudi ndong dan va

vg nhat dugc 9 antun thiéu 1 copéc va modt doi gidy nhé. Ho chia
4

nhau nhu sau : ba v¢g ngudi ndng dan dugc d6i gidy va 2 cdopéc thiu

(1) 1 xagién = 2,134 met
(2 1t antun = 3 cdpéc.
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i cbpéc, con lai thi con gii ngudl lai buon 1y o5 tién gp rusi s6

tién cla ngudi ndng dan, con ngudi lai budn ldy s8 tién gap 2,5 lan
$8 tién cla ngudi noéng dan. Héi mdi ngusi dugc bao nhigu ?

173. Nguti ta danh gid tii san cia mdt vj khach méi dén nhu
sau : Ao ghile mét va chic 4o dudi tom ding gié 3 antun tru i- copéc,
4o dudi tdom dit gdp 5 1an 4o ghile. Hoi gia mbi thi bao nhidu ?

174. Mdt ngudi dan ba Phip sang nuéc Nga du lich ¢6 mang
theo trong vali cia minh chiéc 40 dai Phurd va 4o 1& Phigard. Mot
ngudi Nga da danh gia tai san trong chi€c vali cia ngusi dan ba
Phép nhu sau : "S6 tai san cta ba : chi€c 40 dai Phurd gia dit gip
3,5 14n gia chiéc Phigard v tdng gia tri cia ching bang mot nua
cua 4,5 antun. Héi gia mbi thi 1a bao nhigu ?

175. Mot ngudi linh nhan tién bdi thutng thuong tat nhu sau:
1 copéc cho vét thuong thi nhit, 2 copéc cho vét thuong thu hai, 4
copéc cho vét thuong thd ba v.v... Biét ring tdng s8 tién bdi thudng
anh ta nhan dugc 1a 655 rup 35 copéc. Hoi anh ta bi bao nhidu vét
thuong ?

176. Véi cau héi "may giv 161 ?" thi dugc tra Isi "2 8 givs tir nia
53
dem dén hic nay bang 2 s gio tit lic nay d&n nia ngay". Héi lic 46
3

1a may gis ?

BAl TOAN VUI CUA M.I LECMONTOP

177. Mot trong nhing ngudi cung thdi M.I.Lecmdntdp biét rd
ong, 43 ké lai rang : "Dau nam 1841, trung doan Tengin déng &
Anap. Cac si quan rdi viéc hop nhau lai, trong d6 c6 Lecmdntdp, tin
chuyegn. Cau chuyén dang dé& cap d€n moét gido chu thong thai c6 thé
gidi nhdm dugc nhitng bai todn rét phuc tap. Mot si quan ti¥ tidu
doan nghi 1& — mét dng gid v6i huan chuong thanh Joocgig chgt néi
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v6i Lecmontdp : "Ong nghi sao, khi moi ngusi néi dng cing la mot
nha toan hoc". — Chang c6 gi la cA — nha tho tra 16i — tdi c6 thé
biéu dién, thé hién mét thit nghiém tinh toan tuygt diéu, ndu cic ban
mudn.

— Vang, hay thd xem !

— Vay thi, ban hiay nghi mdt s3 bit ki, tdoi s2 dung cac phép
tinh s6 hoc don gian dé xac dinh s8 dé.

Ngudti ban gia cuti hoai nghi, nhung vin muén "thd" tai, nén
héi thém "S8 tdi nghi ra ¢6 cin phai 16n IAm khong ?°

— Bit ki s6 nao, nhung d€ tinh nhanh, ban hay ty han ché& &
mot s0 c6 hai chid sb.

— Roi, tdi da nghi xong — 6ng gia ndi, nhay mét véi cac si quan
xung quanh va néi s d6 cho mot ba ngdi canh minh.

— Lam on hay thém vao s5 d6 — Lecmontdp néi — s6 25 nhim
hay viét ra ciing dugc !

Ong gia lay cay bit va viét ra gidy.

— Bay gi¢ xin thém vao 125 nia.

Ong gia them vao.

- Xin tru di 37.

Ong gia trir di.

— Xin trir di ti€p s8 ma dong nghi ra.

Ong gia lam tiép.

— Bay git 14y két qua nhan véi 5.

Ong gia cAm cui nhan.

— Xin ong chia cho 2.

Ong gia chia.

— Bay gid xem 0ng c6 két qua gi. Néu nhu tdi khéng nham thi
do 1a 2821 7

2
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Nguoi si quan gia bat day, dng kinh ngac bdi tinh chinh x4ac cia
phép tinh Lecmontdp lam.

— Vang, hoan toan dung la 282 1 . Téi nghi s& 50, va r6i ang
2 -

kiém tra lai cdc phép tinh, ding vy, ding bing 282% . Hit, ong

khong la phu thiy day chd ?

— Phu thuy hay khong thi khong biét, nhung qua la toi da hoc
toan — Lecmdntdp mim cudi.

— Nhung, xin ... — Ong gia c6 16 nghi ngo, khong 18 Lecméntbp
nhin trdm s8 clda ong ta khi 6ng dang mai tinh — lidéu c6 th& lam
lai duge khong ?

— DPuge — Lecmontdp tra loi.

Ong gia ghi s8 viio manh gidly, khéng cho ai xem, dat dudi ngon
nén va ty minh tinh nhdm nhing s6 ma nha the vita néi. Lan nay
két qua vin doan duge.

Moi ngudi trd nén quan tam hon, dng gia chi con cach phdy
tay. Ba ngbi canh yéu ciu lap lai cupc thit nghidm va JAn nda, né lai
thanh cdng”. ‘

Hoi bi mit doan sb & dau ?

BAl TOAN V.G, BENHEDIKTOP

178. Mot ba lai budn dem 9 chuc qua tring giao cho 3 ¢d con
gdi mang ra chg ban. Ba giao cho ¢d chi ca 1 chyc, ¢d hai 3 chuc
va cd it 5 chuc. Sau d6 ba dan them : Cac con cin théa thuan trudc
gia v6i nhau va khi 43 thdng nhat réi thi khéng dugc thay ddi. Me
hi vong rang tdng sd tién chi ci ban dugc bing s3 tién cb thit hai
bén 30 qua, biing s8 tién cd ut ban 50 qua, ddng thoi céic con déu
ban dudc tring véi gid khong it hon 10 cdpéc mdt chyc va tdng s8
tién ban dugc ciia cAc con khong it hon 90 copac hoac 30 antun.

Hoéi céc cd gai thyc hign 18i me din nhu thé nao ?
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NHUNG BAI TOAN CUA L.N. TONXTO!

179. Trong truyén ngin cia L.N. Tonxtdi : "Can nhiéu dat hay
khong", ké ring : Ngudi néng dan sé nhan dugc manh didt ma anh
ta chay quanh manh dat Ay thi vita h&t moét ngay ! Vay cin chay
theo hinh nao thi c¢6 Igi nhat : hinh tron, hinh vudng, hinh luc gidc
ddu v.v... (Chi dan : trong cac hinh c6 cung cha vi, hinh nao cé di¢gn
tich 16n nhat ?)

180. Mot d6i cht cd phai cit co trén hai manh ruéng, manh nay
16n gap ddi manh kia. Nia ngay ddu ca ddi cit ¢ manh l6n, sau d6
ho chia 46i, mdt nita & lai rudng lén cit ti€p dén chidu thi xong, con
moét nda sang cit & manh nho, dén chiéu thi con lai mdt it ma ngay
hdm sau modt ngudi phai cit hét mdt ngay mdéi xong. Hoi cb bao nhidu
thg cit cd & trong ddi ?

181. Mot con nhén va mot con rudi dau trén hai buc tudng 3doi
dién cua mot can phdong, rudi cach san nha 1,5 asin, nhén cich trdn
nha 1,5 asin. Nhén bo theo con dudng nao dé bét duge rudi mot cach
nhanh nhit ?

NHUNG BAI TOAN TU CUON VO LONG*
CUA LN. TONXTOI

182. Nam anh em chia tai san sau khi cha mit. Gia tai gdm c6
3 ngdi nha. Do nha khong chia ra dugc nén 3 anh 16n lay nha va
tra tién cho 2 em. Mi anh 16n trd cho cic em 800 rup. Hai ngyji
em chia nhau, méi nguti mdt phan nhu nhau. Vay gia mdi ngdi nha
la bao nhiéu ?

183. Mot nguoi nong dan @i bd, khéi hanh ti TuLa dén Maxcova,
lic 5 git sing. Dén 12 git trua, mot ba tudc di xe tit TuLa dén
Maxcova. Héi ba tudc dudi kip ngudi nong dan & dau, biét ring ngudi
ndng dan di véi van tdc 5 dam / git, con ba tudc di xe vsi van tdc
11 dam / giv.

184. Mot nong dan mudn 70 miu d4t 48 trdong lda mach, gia
thug 1a 8 rup mdt miu. Cd 1 put hat gidng gia 1 rup 30 copec, mbi
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mau gieo h&ét 9 put. Lia mach mdi nam thu dugec 13 vya mdt miu.
M&bi vua xay dugc 6 put lia mach. Tién xay hia 1a 7 cdp2c cho 1 put.
Chi phi vain chuyén hét 11 copec cho 1 put. Gia bin hia mach Ia

1 rup 40 copéc / 1 put.

Lidu ngudi néng dan 16 hay lai ?

185. Mot nguti nghi ra trd choi danh cb, ché ra ban c (6406)
dang lén vua. Vua choi thi thay thich ldm bén phan thuéng. Ngudi
nay tau : "Xin bé ha cho dat vao & ddu tién cua ban c 1 hat théc,
o tiép theo 2 hat, 6 thi ba 4 hat, 0 sau gip ddi s hat théc d trude..,,
va sau d6 thin xin nhan toan bd s§ hat théc d6 !" Vua cudi va nghi
rang, o0ng ta xin thudng it. Nhung tinh ki ra thi nha Vua khéng &a
théc ma thudng. Vay s8 théc &y la bao nhigu ?

186. C6 hai vdi nuéc chdy vado mdt cai thung Voi thd nhat
chdy ddy thung hét 24 phit, vdoi thd hai chay ddy thung hét 15
phit. Thing c6 mot 16 rd, nudc chay hét qua 10 1o mit 2 gis. Hai
trong bao lau thi nuéc s& day thung n&u cing md hai voi nuéc chay
- mdt lic ?

BAI TOAN RA CHO IVAN PETROP

187. Hay nham tinh xem c6 bao nhiéu cich tra 78 rup bing
tién 3 rup va 5 rup ?

NHOUNG BAI TOAN CUA RACHINXKI

188. Tinh nh&m nhanh k& qua cta bidu thic :

102 + 112 + 122 + 132 + 142
365

189. Tinh nhanh : binh phuong cta 84 1a bao nhidu ?
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NHUNG BAI TOAN TU *GIAO TRINH BAI SO
CUA AN. XTRANNOLIUBXKI |

190. Mot thuong gia dang ng 753 rup, xin chu ng cho vay
théem 303 rup. Chu ng¢g ddng y véi didu kign 1a khoan ng¢ phai duge
tra hét trong 8 thang, ddng thoi cudi thang ddu tién phai tra ngay
moét khoan, sau d6 cuéi mdi thang ti€p theo nang khodn trd ng lén
mit nda, nghia 1a thang thd hai trd 1,6 khoan, thang thi ba tra 2
khoan...

Thuong gia d6ng y. Vay thang d8u tién ong ta phai trda mot
khodn bao nhidu va hiing thiang sau d6 phai tra bao nhiéu ?

191. Hai ngudi cung lam thué cho mot dng chd trong cing mot
thoi gian. Mot ngusi duge tra cong 15 rup / 1 tudn, cdon ngudi kia
la 10 rup / 1 tuln. Xong viéc thi thdy rang ngudi tht nhit nhan
duge s6 tién nhiu hon ngudi thi hai ding biing tdng s6 tién anh ta
nhan dugc trong thoi gian lam thué. Anh nay d4u tién nhan dugc

4% rup, sau 46 la 3 1 rup va cudi cung la 7 rup.
2

Hoi hai ngudi lam thué trong bao lau ?

192. Mot ngudi chét di d8 lai di chic nhy sau : :31_ tai san cho

con trai, 2 ¢ho con gai. Phan con lai tra ng 2500 rup, d& cho vg goéa
5

3000 rup. Vay tai san cha ngudi d6 1a bao nhidu vA méi ngudi con

dugc hudéng bao nhigu ?

193. PE tra 16i cau hoéi v& tudi clia ciac con, mdt ngudi néi: "Tudi
con diu cuia tdi gdp 3 l4n tudi cha con thy hai, tudi cia hai dida cong
lai bang tudi tdi cach day 29 nam. Bay gio toi 45 tudi”.

Vay tudi cua cac con dng ta nhu thé nao ?

194. Mot nha budn mua vao hai loai rugu. Ong ta tra gia cho
mobi thing rugu 5 xd loai 1 la 150 rup, mdi thung 7 x0 loai 2 la
140 ‘rup. Ong ta muén c6 50 x4 rugu pha hai loai d& ban véi gia
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30 rup / 1 xd, v6i lai }a 3 rup / 1 xb. Ho6i nha budn phai ldy bao
nhidu x6 ruou mdi loai d¢ c¢6 duge rugu pha nhu trén ?

195. Ngudi thg bac c¢6 cdc thdi bac loai 3 bang va 4 bang. Mdi
thoi loai 3 bang gia 288 rup, loai 4 bang gia 328 rup. Ong ta phai
dic 1 binh bac nang 20 bang tit 2 loai bac trén c6 ti 1¢ sao cho khi
bin thi mdi bang dugc 93 rup, trong d6 c6 ca 3 rup tién cong.

Hoi dng ta phai dung bao nhidu bang bac mdi loai 48 1am duge
viéc nay ? '

BAI TOAN TU TRUYEN NGAN CUA AP. SEKHOP

196. Mot lai budn mudn mua 138 thudc vai den va vai xanh véi
s tién 540 rup. Hoéi ciAn phai mua bao nhiéu thudc mbi loai néu vai
xanh gid 5 rup / 1 thudc, con vai den 12 3 rup / 1 thuée.

BAl TOAN DAN GIAN

197. Bay tu si di trén duong
Mbi ngudi c6 7 cAi nang
Mdi nang c6 7 cai méc
Mbi méc treo 7 tii
M5i tii c6 7 bénh gatd
MSdi banh c6 7 chd chim sé.
Hbi c6 bao nhitu t&t ca ?

NHUNG BAI TOAN TAY AU
NHUNG BAI TOAN CUA LEONADO PIZANXKI

198. Mot ngudi néi voi ban : "Né&u anh dua tdi 5 dina thi tdi s&
giau gap anh 5 }Jan", ngudi ban tra Ii : "Néu anh cho tdi 5 dina thi
toi s& giau gip anh 7 lan !". Héi mdi ngudi c6 bao nhidu dina ?
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199. Mot ngudi mua 30 con chim hét 30 dong, trong d6 cut 3
chim sé gia 1 ddng, cd 2 chim ngéi gid cing 1 déng, con mdi con
bd cau gia 2 d6ng. Hoéi- mdi loai chim c¢6 mdy con ?

NHUNG BAI TOAN CUA REGIOMONTANG

200. Giai phuong trinh :

X +10—x

10 — x p'q

= 25 .

201. Ching minh rng cac dudng cao cua tam gidc déng quy.

NHUNG BAI TOAN CUA LEONA DG VANHXI

202. Ching minh ring n&u hai dudng tron bing nhau ma cit
nhau thi dudng thiang qua hai giao dim cich déu hai tam cua ching.

BAI TOAN CUA ADAM RIE

203. Mot con ngua gia 12 phlorin. Méi ngudi trong ba ngudi di
mua ngua khong du tién d8 mua. Ngudi thi nhit néi véi hai nguvi
kia : "Mdi ngudi hay dua cho tdi nia sb tién ctia minh thi tdi da tién
mua ngya !*. Nguti tht hai lai n6i véi hai ngudi ban kia 1a : "Mbi
ngudi dua cho tdi 1 s5 tién cta minh, tdi sé lay dugc ngua !". Cuédi

3
cung ngudi thu ba néi : "Chi cin céc anh dua cho tdi L 8 tidn cia
4
minh thi con ngua sé la cua tdi !". Hay cho bi&t mdi ngudi c6 bao
nhiéu tién ?

BAlI TOAN TACTALIA

. 204. Bang thuéc .va compa 44 md c8 dinh sin hay dung mot
tam gidc déu trén doan AB cho trudc (khidu 40 compa khic d6 dai
doan AB).
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NHUNG BAI TOAN CACDHANO

205. Bang cich dung hinh, tim nghi¢ém duong cia phuong trinh:
x>+ 6x = 91 .

206. Tach 10 thanh hai s§ hang sao cho tich cla chiing béng 40.
207. Dyng ti€p tuyén chung cia hai dudng trdn cho trudc.

BAl TOAN CUA VIET

208. Giai phuong trinh x2 + px + q = O biang phép thé
X =y + z

BAl TOAN GALILE

209. V& mot vong tron trén
tudng (hinh 7).

T¥ dinh A cao nhat, doc theo hai
day cung AB va AC dat hai mang. Tu
A, cung mdt hic tha 3 vién bi : 1 roi
tu do, con 2 vién khac trugt khong
ma sat trén cic mang AB va AC. Hoi
vién bi nao d&n dudng tron trude ?

BAl TOAN KEPLE

210. Cho ba dudng thing song song 1, m, n. Chim dudng théng
SA. SB, SC cit 1 tuong ing & A, B, C cit m tuong ung tai E, F, H.
Tu E, F, H ké cic dudng thing song song véi tia SP, tuong uing cit
n tai cac diém L, M, N. Ching minh rang cic dudng théng LA, MB,
NC, SP ddng quy.



NHONG BAI TOAN CUA DEGIAC

211. Chung minh ring né&u hai tam giac ABC va A B ,C, nam
trong hai mat phang khac nhau o, o, | sao cho nhing dudng thing
ndi cic dinh tuong wng dong quy (diém Déagiac) thi cic cap canh

tuong dng AB va A|B,, BC va B,C,, AC va AC, (véi diéu kién

khong song song vdi nhau) sé cit nhau tai ba diém cung thudc mot
duong thang (con goi 1a duong thing Dégiac).

Nguoc lai, ndu giao diém cha cac cap canh tuong dng thang
hang thi cic duong thang ndi cic dinh tuong dng déng quy.
212. Ching minh rang néu hai tam gidc ABC va A,B,C, dong

phing sao cho nhing dudng thang néi ciac dinh twong dng déng quy
(diém Degiac) thi giao diém cla cic cap canh tuong ung thing hang
(con goi la dudng thang Dégiac). Nguge lai ndu giao di€m cua céac
cap canh tuong ung thang hang thi cidc dudng thang ndi cac dinh
tuong dng dong quy.

BAl TOAN CUA DECAC

213. Giai phuong trinh
x* — 4x3 — 19x% + 106x—120 = 0

NHUNG BAI TOAN CUA PHECMA
214. Ching minh ring néu S la tdng cia modt cip sd nhan hii

S _ 9

—_ e—

vd han = a,%, 8y, 85, .. thi

S—a1 a,

215 Trén dudng kinh AB cia nita dudng tron dudng kinh AB
dung mét hinh vudng c6 canh AC bang canh cua hinh vudng ndi tiép
duong tron. Néu ndi cdc dinh C va D véi mot diém M tity ¥ nam
trén nita dudng tron thi cac duong thing CM va DM sé cat dudng
kinh AB tai E va F.

Hay chung minh rang AF? + BE? = AB? .
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216. Chiing minh rang phuong trinh :
xt+yt = gt

khong c6 nghiém nguyén.

BAl TOAN CUA FUNGABEC

217. Cho ba dudng thang OA, OB, OC vudng géc vdi nhau tiung
doi mdt va A, B, C la ba diém tuong ing trén ba dudng thing d¢;
ki hidu Syppc 12 dién tich cia AABC .., Hay ching minh ring :

S3anc = SZoas + Skoac + Siomc -

BAl TOAN CUA VANLIT

218. Hay ching minh riing trong tit cA cac hinh chi nhat c6
cung chu vi thi hinh vudng c6 dnén tich 16n nhat (ching minh biang
phuong phdp dai s6).

NHUNG BAl TOAN CUA PATXCAN

219. Chitng minh ring nu cic canh d6i dién cia mot luc giac
ndi ti€p trong mot dudng tron khong song song thi giao di€ém cua
cac cap canh nay thing hang (cdon goi la dutng thdng Patxcan).

220. Hay phat biéu nhing truong hgp giéi han cia bai toan
* Patxcan duge néu & bai 219, nhing trudng hgp d6 sé cho nhing két
qua thd vi d8i v6i nhing ngi gidc, ti gidc va tam gidc noi tiép dudng
tron (xem chi dan).

221. Tim dau hidu éhia hét cho mot s& bat ki.

BAI TOAN ODANAM

222. Ba ngudi mudn mua mdt ngdi nha gia 26000 ledrd Ho
thoa thudn vdi nhau la nguti thd nhat gép mot nia, nguvi thd hai

26p .;: , odn ngudi thi ba gop ;1; . Hbi mbi ngudi gop bao nhiéu ?

41



NHUNG BAI TOAN TU CUON
“TOAN HOC PHO CAP' CUA NIUTON

223. Hay chia y* — 3 .512 aZy? + 3aly — L g
2

cho y2 — 2ay + a’ .

224. Cho doan thang BC. Tai hai dau mit B v C dyng hai
dudng thang BA va CA tao véi BC nhitng géc cho truée. Tinh khoang
cach tu A d&n BC.

225. 12 con bd an hét 31 mau trong vong 4 tuin; 21 con

3
bo &an hét 10 miu cd trong 9 tudn. Hodi bao nhiéu con bd &n hét 24
miu cb trong 18 tuin ?

226. Mot thuong gia hing n&m tang tai san lén é va giam tai

san do chi phi 100 bang. Sau 3 nam 6ng nhan thiy gia tai tang
gdp do6i. Hoi ban dau ong ta c6 bao nhiéu tién ?

BAI TOAN LEPNIT

227. Ching minh rang :

V1+vV=3 +V1-V-3 = V6

NHUNG BAI TOAN CUA XEVA

228. L, M, N la ba diém tuong @ng nim trén cic canh BC, CA,
AB cta tam giac ABC. Ching minh rang diéu kién cAn va di d& cac
duong thang AL, BM, CN dong quy la :

AN BL CM _ ,
NB LC MA
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229. Dung két qua cta djnh li XEVA & trén, chung minh céc
ménh dé sau :

1) Cac dudng trung tuyén trong tam gidc dong quy.

2) Cac dudng cao cua tam giac dong quy.

3) Cac dudng phan gidc cta tam gidc dong quy.

BAl TOAN CUA 1.BECNULI

230. Ching minh riing néu hai s3 hang diau cia mot cap s§
cong duong trung vSi hai s6 hang didu eva mdt cip s nhan thi moi
s6 hang cua ciip s8 cdong ké tit s6 hang thd ba trd di déu bé hon céac
s hang tuong Ung cua cip s§ nhan.

BAI TOAN CUA BOZU
231. Mot nguti mua ngua, sau d6 mot thoi gian ban lai véi gia
24 pixton. Khi ban anh ta bij 16 s& phan tram ding bang gia caa chd
ngya. Héi khi mua, com ngua gia bao nhigu ?
232. Ching minh ring da thic bac n :
f,(x) = agx" + alxr'_1 + azx“—2 + ... +a,_1x +a,
khi chia cho x — b thi s& c6 s6 du la :
f.(b) = agh” +a;b" ! +ah" 2+ .. +ay_;b+a,.

(Pinh li Bozu)

BAI TOAN CUA LOGIANGDRO

233. Ching minh riing téng cic goc trong mdt tam gidc khong
thé 16n hon hai vudng, hon n@a trong khi chiing minh khéng duge
phép sit dung tién 48 vé nhing dudng thing song song (tién dé Oclit)
va cac hé qua chaa né.
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BAl TOAN CUA NAPOLEONG
234. Hay chia mot dudng tron c6 tam cho truéc ra bon phan

bang nhau chi bang compa !

BAl TOAN CUA X.GIECMEN

235. Ching minh riing mdi s§ dang a* + 4 1a mot hop s0
(a > 1).

NHONG BAI TOAN CUA GAUXJ

236. Ching minh ring tich cia hai s nguyén duong nhé hon
mot s@ nguyén td p, 1A modt s6 khong chia hét cho p.

237. Bang thudéc va compa hay dung da gidc déu 17 canh.

BAI TOAN CUA POATXONG

238. Mot ngudi c6 12 lit rugu va mudn tang ban mdt nita sg
rugu 46, nhung lai khong c6 binh 6 lit. Anh ta chi ¢6 2 chiéc binh,
1 chidc 8 lit va 1 chi€c 5 lit. Lam th& nao dé r6t dugc 6 lit rugu
vao binh 8 lit ?

BAI TOAN CUA COSI (CAUCHY)

239. Ching minh rang, ddi v6i mdt s ty nhién n bat ki thi
ludn c6 bat ding thic :

X+ X0+ ...+ X n
1 2 nZ x1x2¢ooxll

n
trong d6 x;, Xy, ..., X, 12 nhing s8 duong, dau "=" chi dat duge
khix; = x5 = ... = x, .

44



'NHUNG BAlI TOAN CUA BRIANGXONG

240. Chitng minh riing trong cac luc giac ngoai ti€p hinh tron
thi nhitng duong thing ndi cic dinh 46i dién déng quy (con goi la
diem Brizingxdng).

241. Ching minh rang :

1) Trong ngad gidc ngoai tip dudng tron, nhing dudng thing
ndi hai cap dinh khong lién tidp va dudng thing ndi dinh thd nam
véi tiép di€m cua canh d6i dién déng quy.

2) Trong ti gidc ngoai ti€p dudng tron, hai dudng chéo va hai
dutng thing nbi cic ti€p diém cla hai cap canh d8i dién dong quy.

3) Trong tam giac ngoai tip duong tron, nhitng dudng thing
ndi dinh tam gidc vdi ti€p di€m cua canh d8i dién ddng quy.

BAl TOAN CUA STAINC

242. Ching minh riing dudng thing ndi giao diém cta hai dudng
chéo va giao diém hai canh bén clia mot hinh thang thi chia doi day
ldn cia hinh thang.

243. Chi bang thuéc ké hay dung duong vudng géc tir mot diém
M cho truéc dén dudng kinh AB cta mdt dudng tron cho truéc.

244. Ching minh ring dién tich ctia mdt tam giac khong cén bit
ki ludn nhd hon digén tich cia mdt tam gidc can, c6 chung d4y va co
téng hai canh bén bang tdng hai canh bén cia tam gi4dc da cho.

BAl TOAN CUA XTUOCM (STURM)

245. Mot ngudsi di bd tir thanh phd A. Ngay dau anh ta di duge
10 dam, mdi ngay sau di hon ngay trudc i‘ dam. Ba ngay sau, mot

nguvi khéc ra di tit thanh phd B, so vdi dich d&n xa hon thanh phd
A 40 dam, di cung chiu véi nguoi kia. Ngay ddu di duge 7 dam,
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nhing ngay sau hon ngay trudc 2 dam. Hoéi sau bao lau hai nguoi
3 .

nay gap nhau ?

BAI TOAN KATALAN

246. T diém M ngoai dusng tron hay dung mot cat tuyén sao
cho dudng tron chia cat tuyén nay thanh hai phin bang nhau.

BAI TOAN DO MONDO datra:

247. Hay tinh nhdm xem hai s§ nao c¢6 hiéu binh phuong bang
133 ?

BAI TOAN CUA STIUCT

248. Chiing minh riing néu trén canh cia mdt tam gidc (xem
la day) ldy mot diém va ndi né véi dinh d6i dién (doan nay goi la
doan trong) thi tdng cic tich clia binh phuong mdi canh bén ‘cia tam
giac vdi doan day khong ké vdi no, trit di tich cua binh phuong doan
trong véi ddy bang tich cta diy vdi cdc doan day do doan trong chia
ra (Pinh li Stiuot).
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PHAN Il

NHUNG CUOC THAM QUAN LICH sU,
LOI GIAI VA CHI DAN

BABILON

Duéi thoi c8 dai & Babilon, todn hoc da nay sinh tit nhiéu th&
ki truéc Cong nguyén. Nhing cd vat Babilon dudi dang cic phigu
dat sét v8i cdc chd tugng hinh dude cat git & nhifu vién bao tang
trén th& gidi, trong d6 c6 vién bao tang Emitaée & Saint — Pétersbourg
(Nga), vién bao tang nghé thuat tao hinh & Moskva (Nga). Ngudi ta
da tim thay 44 phidu dit sét, 1a mdt ki€u bach khoa toan thu dac
biét cia ngudi Babilon ¢ dai. Nhing phigu diat sét nay da ghi lai
nhitng phuong phap kha thuan tién d€ giai hang loat cic bai toan
thuc t& vé chia dat, xay dung va thuong mai.

Thanh tyu khoa hoc ciia ngudi Babilon o8 dai gom :

a) Ho da sang tao ra thién vin hoc va di c6 nhing sd lidu vé
do dai chu ki co ban cuaa h¢ Mat Troi véi dd chinh xac kha cao. Vi
- du mot thang Mat Trang cda Babilon sai khac vdi thang duge thién
van hién dai thita nhan chi c¢6 0,4 giay.

b) Ho da hinh thanh he théng dém véi co s8 60, chi khong
phai co s8 10, da lap ra cic h¢ théng thudc do va can ma sd do sau
I6n hon s3 do trudc 60 lan. D6 la co s6 chia thude do thoi gian chaa

ching ta thanh gio, phut, gidy ..., vong tron thanh 360° .

c) Ho da giai duge phuong trinh bac hai va giai mdt s3 dang
phuong trinh bac ba bang céc bang dac biét.
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C6 can ci dé khiang dinh ring, todn hoc o Babilon da anh
hudng d&n nén toan hoc cla cic dan tdoc ngoai CAPCADCU. Pac biét
4 Acméni né giip thic ddy sém sy phat trién cla toan hec.

1. Canh cua luc gidc déu ndi ti€p trong hinh tron ding bang
ban kinh, do 46 27R = 6R.

TU 46 suy ra % = SR _

2R
2. Ngutsi Babilon c8 bist cich dung tam gidc déu, nho d6 bist
cich chia mot géc vudng thanh 3 phan
bing nhau, (hinh 8).

3. Theo diéu kién cua bai toan, dién
a+b c+d
2 2
dé a, b va ¢, d 1a nhiing cap canh ddi dién.
Cong thic nay sé chinh xac khi td giac l1a
hinh ch@ nhat. Liicdé :a = b ;c =d ;

Hinh 8 S = ac.

tich tu gidc 1a S =

, trong

AI CAP

Sau Babilon, Ai Cap la trung tam van héa thui hai cia thsi o
dai. O dat nuéc "Kim tu thap” nay, trudc Cong nguyén hang ngan
nam da c6 cac cdong trinh vi dai duéi dang dén dai va kim tu thap,
cac cdng trinh x3y dung khic mhau ma trong d6 c6 mdt s cong
trinh con tdn tai dén ngay nay, sy phat trién ndng nghiép dua trén
sy tudi titu nhan tao di s6m tao ra nhu ciu vé tri thuc toan hoc,
nhit 1a hinh hoec.

Cac quy tAc toan hoc cAn cho trfng trot, thién van hoc va xay
dung dudc ghi trén cdc buc tudng ciac dén dai hay trong cic cudn
gidy bang thao moc.
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J vign bao tang Anh quéc cdn luu tr cac ban vist o6 ten la
phién ban Rainda, ma gido su AAyzenlor da gidi ma nam 1877. Ban
viét thudc nhing nam 2000 — 1700 trudc Cong nguyén, chia 84 bai
todn, phdn 16n mang mau sic sd hoc.

Ban thao Moskva thudc nam 1850 truéc CN, dugc nha suu tim
. Nga Golennhisep tim ra nam 1893, tirt nam 19i2 né la s& hdu caa
vién bao tang nghé thuat tao hinh Moskva. Pay 1a modt di vat hiém,
vd gia da dugc cac vién si V.A. Turaiep va Storup nghién ciu. Trong
ban thao nay c6 16i giai bai todn tinh thé tich kim ty thap hinh chép
cut v8i cac day 1a hinh vubdng.

Vigc gidi ma cidc ban viét nay cho thdy ngusi Ai Cap cich day
hon 4000 nam da bigt giai hang loat bai todn thuc t& v@ s8 hoc, dai

sO0 va hinh hoc, trong dé phép tinh s8 hoc da sit dung khong chi s8
nguyén ma con ca phan sd.

4. Lbi giai cta bai todn dAn d&n viec giai phuong trinh sau :

x+gx—-—]l(x+gx)=10

3 3 3
o

i

Tu d6 suy ra x
5. Day 14 mét cdp s6 nhan c6 5 s6 hang v6i cong bdi bang
7:7; 49 ; 343 ; 4021 ; 16807 ; tong cua ching la :

a - a —
S = 29~ 2, _ 16807.7-17 ~ 19607 .
q-1 7T-1

6. Theo di€u kién cua diu bai thi :
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7. Theo phuong phap Ai Cap thi :

S, = a_éla , trong d6 a : day ; b : canh ben. Ta ki hitu dudng

cao cia tam gidc cAn 1A h, th& thi h = -\/b2 3- b,\/l—
4

Dién tich dung cua tam gidc bi€u thi qua cong thic :

= 2 1o (2) = s - (2

" 2b

) S : 2 2
do d6 ?jz\[l_(i) = JT—(_L) = 0,98 ,

2.10

tic la sai s§ khong lén hon 2%.
8. Theo phuong phap Ai Cap :
g = at b

= .C
1 ’
2

trong 46 a va b tuong ung la day dudi va ddy trén cda hinh thang,
c la canh bén. Goi h la dudng cao hinh thang, th& thi :

=CJ1-(3‘

Dién tich d&ing cua hinh thang la :

Sz=31‘\ll"(a2_cb)2,
§=J_ a-—
Do vay . 1= (

1

Thay s8 vao, ta tim dudc sai s0.

9. Nguti Ai Cap giai bai todn nay theo cong thidc sau :
:' N _ h, 2 2
Vchc'ip cut td gidc déu g(a + ab + b®%)
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trong d6 h : chidu cao, a va b la cic canh ddy duéi va trén cua hinh
chép cut td giac déu.

10. Ki hi2du x, y }a chiéu dai cac canh phai tim, ta c6 :
X =M ;xy =S8 (2). Nhan v& vdi v& cia (1) va (2),
y n

2 - g

Suy ra : x

’ n
X = ."l_n._S;yzl‘_."_.n_l.S
n m n

11. Bai toan nay c6 thé giai bang cach lap phuong trinh.
bép s6 : 6630 bau vat.

HI LAP

Ngudi thay dau tién cia ngudi Hi Lap c8 la ngusi Ai Cap. Vao
thé ki tha VII, truéc CN, du khach nuéc ngoai duge ty do dén Ai Cap.
Do vAy nhitng nha khoa hoc ¢8 Hi Lap c6 thé du hanh dén "dat nuéc
Kim ty thap". Khoang tit th& ki IV truéc CN, ngudi Hi Lap c8 da c6
nhing tim toi ddc lap vé toan hoc va dat dugc nhiéu thanh tyu dang
ké. nhét 1a v& hinh hoc. Vao th& ki thd III truée CN, hinh hoc c8 Hi
Lap dat d&n dinh cao nhu cac cbng trinh cta Oclit, éng da viét 12
cudn sach hinh hoc dudi dang tign @8 c6 tén la "Nguyén 1i".

Trong cdc cong trinh cia Oclit, tinh logic dat d&n trinh &b rat
cao, ma mai d&€n cac th& ki XIX va XX todn hoc méi vugt qua duge
v6i cdc cong trinh cia nha todn hoc Dudc Hilbert va truong phai cta
ong

Ngudsi Hi Lap cd khéng chi quan tam d&n hinh hoc so clp (khi
dé thuat ngd nay chua cd) ma con dat nén méng viang chic cho mon
hinh hoc cao cip qua cdc cdng trinh clia Apollonius va Acsimet.
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Pitago va cdc mon dé dat duge nhing thanh tyu dang ké trong
li thuyé&t so.

Trong linh vuc dai s0, dac biét trong viéc giai phuong trinh vd
dinh, thi Diophante, nguti sdng & xd Alecxandrie vao th& ki II, IH,
da lam dugc nhiéu viéc va vi the€ ngudi ta goi ong la Diophante & xd
Alecxandrie. Ong da hoan thién cac phuong phap dai s6 bang cach
dua vao cdc ki hidu dai s§ vA md td phuong trinh dai s8 bang chu.
Tac pham gia tri nhat cia Diophante 1A cudn 'S8 hoc", phan anh
trinh dd dai s8 cha ngudi Hi Lap cb dai.

12. Bai toan nay dugc biét dudi tén goi "dinh li Pitago”, dugc
dua vao ciac gido trinh hinh hoc s¢ cip nhu mdt trong nhing dinh
li co ban. C6 nhiéu cach ching minh dinh li nay, tir cach "ching
minh suy dién" cia Oclit cuc ki don gian, dén nhing cich chuing
minh chat ché sau nay. Sau day la cdch ching minh dinh li Pitago
(gia thuy&t 47 cta Oclit : trong cudn "Nguyén li" theo xdc nhan cia
Proclus (nha triét hoc theo trudng phai Platon) (410 — 485) thi cach
chitng minh nay cta chinh Oclit).

"Gia s tam giac vudng ABC, cb géc A vubng, toi khang dinh
dién tich hinh vudng dung trén canh BC bing téng dién tich hai
hinh vudng dung trén cac canh BA va AC" (hinh 9).

Dung AL song song véi BD va
CE. N6i AD va CF; vi cac géc BAC,
BAH vuéng nén C, A, H thang hang.

Tuong ty B, A, G thing hang.
Do DBC = FBA = 1lv (*), nén néu
cung thém (*) vao géc ABC thi
DBA = FBC , lai o6 BC = BD va
BF = BA nén ABAD = ABFC (c.g.c).
Néu gip doi dién tich tam giac BAD
thi ta dugc dién tich hinh chd nhat

BDLO vi c6 chung ddy BD. Con néu
gap doi dién tich tam giac FBC thi
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ta duge dién tich hinh vuong BFHA vi cung chung day FB, nghia la
dién tich hinh binh hanh BDLO bang dién tich hinh vudng BFHA.
Tuong tu nhu vay khi néi AE va BK thi dién tich hinh binh hanh
CELO s& bang dién tich hinh vudng ACKG. Nghia la dién tich hinh
vudng BDEC bhng t8ng dién tich cta hai hinh vusng BFHA va ACKG.
D6 chinh la didu phai ching minh.

Céch ching minh nay d&c biét & chd
né duge Celit dua ra céch day hdn 2000
ndm nhung khéng khéc cach chung minh
hién nay bao nhiéu. C/3 5

Trong céc sach gido khoa, ph8 bién la
céc cach chiing minh dya trén sy bdng nhau
cta cac hinh dugc chia, khdc véi céch ching
minh cha Oclit 1a ¢6 tinh minh hoa cao hon
nhung fai phdc tap hon. Vi dy & thé ki thu
X Ana-ri-shi ching minh dya trén cd sd
hinh vé bén (ninh 10).

Hinh 10

Dinh li Pitago c6 mdt lich sit phong phd. Thuc ra truéc Pitago
rét lau n6 duge ngudi Ai Cap, Babilon, Trung Hoa va An D9 bit
dén. Ciach 8 thé ki trudc CN, dinh )i Pitago dugc nguvi An Do bidt
dudi tén "quy thc sdi day thing" va duge st dung d4& dyng cic dén
thd theo quy djnh thanh than phai c6 hinh th€ hinh hoc vudng wiic
quay bdn phia.

Céch ching minh clia Pitago khong tén tai d&n ngay nay. Hién
nay c¢6 han 100 cich ching minh khac nhau. Cé th€ mat trong nhing
cach @6 thudc v€ Pitago hoic modn dé clia 6ng (theo thong 1@ thdi do,
nhiing gi hoc sinh tim ra déu danh cho th8y, nguti ding diu trudng
phai).

Vé Pitago (khoang 580 — 500 trudc CN) 14 nha todn hoc, triét
hoc c8 Hi Lap. Ong sinh ra & ddo Samos. Thdi tré, éng da du lich &
Ai Cap, s8ng & Babilon @€ nghién citu cic nganh khoa hoc. Ong da
G d6 12 nam 4@ nghién cdu than hoc va thien vaAn hoc. Sau khi &
Babilon #ng sang Nam Italia, ¢ Xi xin (Sicile) & day éng thanh lap
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truong phai Pitago, dem lai nhidu céng hi€n cho toan hoc va thién
van hoc. Ong da dem lai tinh khoa hoc cho moén hinh hoc. Ngoai
dinh li ndi tiéng vdi tén tudi cia dng, ngudi ta cho ring dng c6 cach
ching minh dinh li vé& tong cac gbc trong tam gidc; bai toan phi
(tic la chia mat phang thanh nhing da gisc d8u); cac phuong phap
hinh hoc d& giai phuong trinh bac hai; cach giai bai toan : cho truéc
mot hinh, dung mét hinh thd ba bing mét hinh cho truéc va déng
dang véi hinh kia.

Trudng phai Pitago da phS bi€n sy than thanh héa con s&, coi
quan hé s8 lugng 12 ban chit cia moi sy vat, tach roi ching khoi
hién thuc vat chat theo chui nghia duy tam.

Pitago cho rang thudc do tit ca vat chit, khong vat chat la con
s0 va quan hé cia ching. Theo y Pitago, cA nhiing khai niém xa voi
vdi toan hoc nhu "tinh ban", "chinh nghia", "vui mung"... cing tim
duge sy li giai vé mat quan hé s&. Cic con so dugc gan cho nhimg
tinh chat thdn bi : c6 s6 mang lai diéu t6t lanh, s6 khiac — sy bat
hanh, s nita — sy thanh cong ... Pitago cho ring linh hén ciing 1a
moét con s8, né bat ti, truyén tir ngudi nay sang ngudi khac. S§ hec
than bi nay gay khé khan cho su phat trién toan hoc.

13. Trudc tien, ta thay néu bd ba s X, , ¥z, tao thanh b ba
8 Pitago thi x k,y k,z k véi k > O bt ki cing tao thanh b) ba
s Pitago. That vay

Tirxf+y% = z%,sau khi nhan hai v& véi k® ta c6 :

x,0% + (k)2 = (z,k)% .

Do vay né&u biét mot bd s6 Pitago thi ta c6 thé, bang cach trén,
chi ra vd han cac bd ba s Pitago. Nhung diéu d6, khong cé6 nghia
la tim dugc tat ci cac bd ba s6 Pitago.

Bo ba s8 Pitago x, y, z duge goi la bd ba nguyén t8 néu x, y, z
ddi modt nguyen t8 cung nhau. Trudng hgp ngugce lai, ta sé goi la bo
ba din xuit. Do vay dé@ bidt dugc tat ca cac bd ba s3 Pitago, chi cén
bi&t cac bd ba nguyén t8, tit d6 bang cach nhan véi 2, 3, ... ta tim
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duge cdc bd ba din xuit. Hon nda ta nhan thdy, néu bd ba x, y, 2
la bd ba 88 Pitago, trong d6 c6 mot cap la nguyén t8 cung nhau thi
bo ba d6 s& la bd ba nguyén t8. Ta ching minh diéu nay.

Gia s x, y nguyén t0 cung nhau, ta s& ching minh x, y, z &
titng d46i modt nguyen td cing nhau. Bang phuong phap phan ching,
gia st x, z khong la cap s0 nguyén t& cing nhau (ddi véi cap y, z
ta lap luan tuong ty), khi dé :

X = xld;z = z,d
trong d6 d = 1 va d la USCLN cia x va z, né phai thoa
x2 + y2 = 22 (1)
= xd)? +y° = (5 >y’ = (2] - xpd’
=% d la udc s8 cia y = (x, y) khéong nguyén td cung nhau
= trai gia thiét ® (x, z) nguyén t6 cung nhau.

Do vay bd ba x, y, z la nguyén t8. Vi x, y nguyén t cung nhau
nén khong thé cung la s8 chén, déng thoi cing khong cing la s3 1é.
That vay, néu ching cung 18, tdc lax = 2p + 1 (p € N*) va
y = 2q + 1 (@ € NV), thay vao phuong trinh (1) ta c6 :

2p + 12+ (2q+ 1)2 = 22
2 =4 +prqi+q +2 (¥
= 22 la sb chdn = z chfn = z2 chia hé&t cho 4.

Mzt khac theo ddng thuc (*) thi z% chia cho 4 lai du 2, din d&n
mau thuln.

Nhu vay ta c6 thé gia thigt x 1&, y chén, vd nhu thé z la s8 18
Phuong trinh (1) viét lai la :

X =22~y = 2+y)z~y)

Giadstz+y=mvacz-y=n,

T‘ﬁ'déz=.x_n__2.t_1.1-;y=_n_1.;_2;x2=m_n(m>n)
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Do x 18 vi x> = m.n nén m, n s& cing 12, ta ching minh

dugc (m, n) la moét cap s nguyén t8 cung nhau. Gia si d la uéc
chung cia m va n, d # 1, khi d6 :

m = mgd;n = nd

=>z=n1+n=_111}_+_l}ld;y=m_n=_____dl 1
2 2 . 2 2
Vay y va z khdng nguyén t8 cung nhau. Mau thun ! Do 46 (m,
n) 1a cap s§ nguyén t0 cung nhau.

Vi x2 = mn va (m, n) nguyén t6 cung nhau nén m = u? va

n = v véi (4, v) nguyén td cuing nhau.

u’ —v uz-l-v2
»y 2 =
2

Day chinh la cong thdc tim bd ba sd (x, y, 2z) 1a bd ba s§ Pitago.
Sau day, vai bd ba s Pitago tinh theo cdng thic (**).

Vay x = uv, y = (¥*)

u v X Ly z
3 1 3 4 5
5] 1 5 12 13
5 3 15 8 17
1 1 7 24 25
1 3 21 20 29
7 5 35 12 37
9 1 9 40 41
9 5 45 28 53

| 9 7 63 16 65

Luu y 1 : Bo ba s Pitago 3, 4, 5 dugc biét d&€n & Ai Cap tu
lau, trudc Pitago, 14 cac canh cuia tam gidac vuong Ai Cap.

Luu ¥ 2 : Nhd cac bd ba s6 Pitago c6 thé thu duge vd sd cac tam
gidc Herdng, tdc la cac tam gidc ¢6 canh va dién tich la nhing s6
nguyén duong. That vay cui @ng véi mdt tam giac Pitago sé cd cac
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canh goc vudng va canb huyéh la s6 nguyén duong. Néu l&y hai tam
giac Pitago c6 mot canh goc vudng bang nhau dat ching 1én nhau sao
cho hai canh d6 trung nhau con hai canh géc vudng cta hai tam gise
noi dai nhau thi ta c6 mot tam gidc Herdong. Vi du ti hai tam giac
Pitago : 5, 12, 13 va 35, 12, 37 ta s8 o6 tam gidc Herong 1a 40, 12,

37 vdi chidu cao 12, dien tich S = 29:12 _ 940 (d.v. dien tich).

2

Luu y 3 : Tap hop vd han cac s6 Pitago cho phép iap hang loat
bai todn rat thu vi, dac biét 13 ba bai todn sau rit hiap dan céc nha
toan hoc.

| BAI TOAN 1. Tim tat ca cdc bd ba s8 Pitago trong d6 hai trong
ba s6 1a hai s lién ti€p (vi du 20, 21, 29).

BAI TOAN 2. Tim tat ci cic b ba s8 Pitago trong d6 c6 mot so
"1a s6 chinh phuong (vi du 3, 4, 5; 7, 24, 25).

BAI TOAN 3. Bai toan Phéc ma (Fermat). Tim cac bd ba sd Pltago
(%, ¥, z) sao cho x + y va z la s8 chinh phuong.

Cé mot tap hgp vd han cic bd ba nhing s nhu thé, nhung tat

ca ching la cac s6 rat 16n.

14. Bai toan nay dudc giai bang phuong phap hinh hoe. Pon vi
duge bidu dién 1A mot hinh vudng, con nhing s6 tiép sau la nhing
hinh vudng x&€p theo hinh thudc thg (hinh 11a).

1+3 =4 = 2?
1+3+5 = 9 = 3°

— - 2 | J \ )
1+3+5+7 =16 = 4 vv.. NNNNNBYRRYOMRY

Cé thé giai bai toan nay mot cich - - \\\
don gian bang phuong phdp dai s6 : Nl §\\ N
sd lé dau tien la 1, con s8 1é thd n \\ @
bang 2n - 1, xét célp s6 cong : 1, 3,..., \\\{%Q \\\Q \\\
2n — 1. Téng cia cac s6 d6 la : NENEN
; VBN NN

2 Hinh 11a
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15. Loi giai bang phuong phap hinh hoc clia trudng phdi Pitago:

Né&u ldy @i ti hinh vuébng (hinh 9) mot hinh thudc thg 1 te
la trir di mdt s8 1é, ta dugc modt hinh vudng khac, nhé hon, tic la
duge mot s8 chinh phuong. Hay 1a (n + 1)2 — (2n + 1) = n? hay
2n+1 = (n+ 1)2 - n?.

16. Cho tam gidc vudng ABC; a, b la canh géc vudng, c la canh
huyén. Dung cac nita duong tron dudng kinh lan lugt 1a a, b, ¢ trén
CB, CA, AB (hinh 11b).

Cac hinh ban nguy2t L, , L, va
tam gidc ABC dugc gach chéo. Ta
phai ching minh :

dién tich L, + dign tich L, =
= dién tich AABC .
Ki hiéu 8, , S, 1a dign tich hai

hinh vién phan cta hinh tron lén
¢6 canh day la a, b.

Hinh 11b

Theo dinh li Pitago thi :

a? +b? = 2
2
tir @6 —é.n(g)2+§.n(§)2 = %n(-;—) (*)

tic la tdng dién tich hai nda hinh
tron dung trén hai canh géc vudng
bang dién tich nira duong tron dung

: C
tren canh huyén. Bét &i hai v& cua
dang thic (*) S; + Sy ta suy ra diéu |
phai ching minh.
17. Dung duong tron tam A, ban

kinh bing doan thing AB cho truéc
(hinh 12). Lai lay B lam tam dung Hinh 12
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dudng tron cung ban kinh. Ki hi¢u C 1a mét giao diém cia hai dudsng
tron. Néi C véi A, B. Dé dang ching minh ABC la tam gidc déu.
18. Gia st BAC 1a mot goc

cho trudc. Liy diém D bat ki trén g
AB (hinh 13), dung diém E trén - D

AC sao cho AE = AD. Néi DE.

Lay DE lam canh, dung tam giac A H

déu DEH (bai 17). N6i AH. Thé

thi dudng thang AH sé chia doi

goc BAC vi >
AADH = AAEH . ¢

Hinh 13

19. Gia sit ABC I tam gisc
cho truéc, a 1a géc cho trudc. Chia

A E H - ddi canh BC bing diém D va tai
D dung géc CDE = a (hinh 14).

Sau 86 dyng CH//DE (luu y

2 ° AH//BC). Nhu vay hinh binh hanh
B D C " DEHC chinh 14 hinh binh hanh
Hinh 14 .phai dyng.

20. Lay diém A, tuy y trén dudng trdn da cho, tai d6 dyng ti€p
tuygn DE v6i dudng tron (hinh 15). Dyng géc E/A-;-C1 bang B va géc
DA B, bang y . Thé thi tam gide A B,C, chinh la tam gifc phai dyng.

D A E
4
B B
m \
p 1N C,

Hinh 15

A

59



21. Lap luan cia Oeclit :

"Cho trudc doan thang AB (hinh
16), cAn chia AB thanh hai phan bdi

7 »
/ diém G, sao cho dién tich hinh cht nhat
// 5 GBDK bang dién tich hinh vudng AJHG,

< (BD = AB)

J H

G
Trudc tién, dyng hinh vuéng ABDC,
\ lay trung di€m E cia AC, kéo dai EA
dén J sao cho EJ = BE, r6i dung hinh
NN
K

vudng AJHG. HG kéo dai cit CD tai K.
D Diém G chinh la diém chia AB phai
Hinh 16 dung".

Lap luan trén nam trong cun "Nguyén li* cia Oclit. Bai toan cla
Jelit vé "diém chia vang" trong céc sach gido khoa ngay nay duge phat
biéu nhu sau : "Hay chia mdt doan thing thanh hai phan sao cho doan
I6n 1a trung binh nhan giia doan mho va doan thang da cho".

Ta ki hidu d0 dai doan thing da cho 1a a; d dai doan 16n la x,
doan nhd s& la a — x. Khi d6 x s& 14 nghiém cda phuong trinh :

x> = a(a — x)

hay x2+ax~a’ = 0.

V6 -1 _ V5 +1

a,x, = —
2 2 2

Duong nhién chi ldy nghiém % .

(?riéiirataca()x1 =

Vi V5 -1 = 0,61804 ... ]a s6 thap phan vd han khong tuan
2

hoan, nén x = 0,62a.

Nhiéu tugng dai, cong trinh kién tric da 4p dung c6 y thuc bai
toan "diém chia vang®, nhit 1A trong cac kién truc vi dai cla nguvi
Hi Lap c6.
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22. Trudc tién ta ching minh ménh 48 : "Méi s4 nguyén duwong
bdt ki thi hoac bing 1, hoac lo mdt s& nguyén t8, hogc cé6 thé biéu
dién dudi dang tich ctia céc s& nguvén to "

That vay, véi s 1, khang dinh la ding. Gia si khing dinh ding
véi nhiing s& nguyen duong ddu tién nhé hon n, ta chdng minh khing
dinh cing ding véi n + 1 : ndu n + 1 la s8 nguyén t§ thi khang
dinh 13 ding. Con n&u n + 1 khéng phai la sd nguyén t8 thi né sé
la hgp s0, tdic lan+1 = n, . n,, (hién nhién cdc s8 n,, n, nhd
hon n + 1). Hon nia dé& th#ly n,, n, déu nhé hon n, nén theo gia
thiét quy nap ching c6 thé phan tich thanh tich cdc s nguyén t6
va do viy n + 1 cing phan tich dugc thanh tich cia cic sd nguyen
t0. Ménh dé da duge ching minh.

Bay git ta ching minh sy vd han cia tap hgp cic s6 nguyén td.
Gia st tap hop cic s§ nguyén t§ la hdu han, chdng han chi c6 n s3 :
PyPgy - P, XétsOpp,...p, +1,n616nhonp, (i =1,..,n)va
phai 14 hgp s8. Theo ménh dé trén thi s8 nay sé dugc phan tich thanh
tich cdc s8 nguyén t& :

PPy P, +1 =4,.9,...q, (*

Véi q;,95, -+ ,q,, 1a cdc SO nguyén t6 va khong c6 thia s
q; i = 1, .., m) nao c6 thé trung véi cc s6 p, (i = 1, .., n), vi gid
sit q; = p, ching han thi ti (*) ta suy ra :

PPy Py — 99g - 9y = 1 (**) ma v& trai cia (**) chia hét
cho q, , do vay 1 chia hét cho q; . Vo 1i !

Nhu vay cdc s§ nguyen t8 q,,q,, ... ,q, khong th8 trung véi
cac s6 nguyén t8 p;, Py, --- » P, » nNghia la ngodi cic s nguyén &
" Py Pg s P, CON C6 cdC 88 nguyén t8 khéc la q,,q,, ... »q,, - Hay
" néi cach khéc, tap hgp cdc s8 nguyén td la vd han.

Ole (Euler) cing dua ra mdt 1oi giai doc déo bai toan nay cua
-Oclit. Ong dung phuong phap phan ching.

Gia st tap hgp céc s nguyén t§ 1 hiu han, ching han la cic
8 p;, Py, - » P, - LAP tONg cia clp s§ nhan :
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1+-1—+—1-+. +L+ = 1
Pi p Py -
Py
1+—1—+—1——+ +-1—+. = !
P2 b, Py -1
Py
1+l 4+ Ly 4Ly -1
2 m 1
Pn Pn Pn 1 -—
pn
Rdi nhan cac chudi s6 d6 véi nhau ta dugc :
1 1 1 1
' ay_ « ay
Py Py Py
. ax 1 _ 1
T¥ d6 suy ra ZW_EE
1 Py
hay1+i+14 =P P2 Pn
2 3 pi—1 pa2—1 py-—-1

Tich & v&€ phai la hitu han, do d6 chudi & v& trai 1a hoi tu. Diu
nay 1a mau thudn vi chudi & v& trai nhu da bigt la mot chudi didu
hoa, né phan ki. Do 46, tap hgp cac s nguyén td la vd han.

23. Téc gia cha bai todn la nha toan hoc o8 Hi Lap ndi tigng
Apollonius th& ki thu ba, truéc Cong nguyen. D& giai bai toan trong
trudng hop tdng quat, ong xét nhing truong hop rigng va trudng
hdp gidi han sau :

1) Dyng mdt dudng tron qua ba diém cho trudc.

2) Dyng modt dudng tron ti€p xic véi ba dusng thing cho trude.

3) Dung mdt dudng tron qua mot diém va ti&p xdc véi hai duong
thdng song song cho trudc.

4) Dung mdt dudng tron qua mot di€m va ti&p xidc véi hai duong
thang cit nhau cho truéc.
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5) Dung mdt dudng tron qua hai diém va ti€p xic véi mdt dudng
thang cho trudc.

6) Dung dudng tron tiép xic vii mdt dudng tron da cho va qua
hai diém cho truéc.

7) Dung mdt dudng tron ti€p xic véi ba dudng tron cung di
qua mot diém cho trudc.

Didu nay cling ching td néu bai toAn Apollonius c6 s6 nghiém
hdu han thi ching khong 16n hon 8.

— 2 — an?
24. Sngogitié'p = #R", Sn@itié'p = ar,
J_ » ~ -~
r=2.R = avz2 , trong d6 a la canh hinh vudng.
2 2
2 2
. ax _ ma” _ . Tma
Khi d6 Sngogitié’p - 9 ’ Sn@itiep 4
Do vay : Sngoa.itié'p = zsnéitié'p

25. I)A.an.r = nr?

2
2){”ﬁ_ll
4r® 14
Dods® = L, =, , 22
4 14 14 7

7

Nhu vay dién tich hinh tron, theo Acsimet, la

26. Sit dung hinh vé 1, ta tim dugc :

; 2 2
dt AFDHCB = .;_a(f‘ég)z—éa(é;ﬁ_) —én(P.zQ) -

nAC? - AD? - DC?) = %[(AD + CD)? — AD? - DC?} =
8

=7 9AD.DC = ZBD? = n(-B-ll)z.
8 4 2
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27. Dién tich bé mat chom ciu dugce tinh theo cdng.thic :

S = 27Rh, trong d6 R 1a ban kinh hinh ciu, h la chiéu cao cia
chom cau.

Néu / la dudng thang ndi ti dinh chém ciu véi dudng tron day,
thi 2 = 2Rh . Khi d6 :

S = nl?

28. Vs, = 2aR®, V, = ~ar’h ;

3 3

2

4R = 1y R =300
3 3 4

Do dé Vt:ru = nr*h ; 4,R3 = nr’h ; R = 3-\/ grzh .
: 3 4

29. Theo diéu kién cia bai toan ta nhan dudc thé tich clGa hinh
tru (hinh 17) la :

Virg = 7RZ 2R = 27R3
3

= §<§ER3) = chgu .

Cing tu chinh diéu kién bai toan ta co
dién tich toan phan cua hinh tru :

Stry = 27R . 2R + 27R? = 6xR’

Sca‘iu '

= .:.3-(4_71;R2) = §
2 2

Hinh 17

30. Bai toan dugc thiét lap tdng quat nhu sau : Tim tdng cda
mot cdp s6 nhan lui vo hana + b + ¢ + d + ..., véi cong bdi bang

1 Theo dinh nghia cia cdp s nhan thi khi q = 1 suy ra :
4

>

b=E,C=Ed=E
4 4 4’

64



hay a=4b, b = 4c, c = 4d, ..

Hon nda : b+c+d+ .. +l(b+c+d+ eer)

3
= (b+.h) + (c+-‘3) + (d+§) +oo=Yp+tc+ a4
3 3 3 3 3 3
=‘;'(4b+4c+4d+ ) = —1—(a+b+c+ o)
3
Dod b+c+d+ . = la
Syyraa+b+c+d+ .. = 3a
3

Tu d6 tim dugc két qua phai tim.

31. Lui giai cia Acsimet duge viét theo cdng thic toan hoc ngay
nay nhu sau :

124924324 42 = D+ 1)@2n+1)
6

Cong thic nay nhan dude tit dong nhat thic :
n-m-1)°% =3n2-3n+1

Véin =1, 2, 3, .., n, thay vao cdng thiic ta c6 :
13~0% =3.12-3.1+1
28 13 =3 22-3. 2+1

3 32-3.3+1

v
&
N
w
|

n-n-1)2%=3n2-3n+1
Cong tung vé ta duge :
ns = 3(12+22+ +n2)-—3(1+2+ ... +n)+n;

nd® = 3012+ 22+ ... +n2)__3.(n+1n+n;
2
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312+22+ .. +n?) = pd+ 30t _

2
124924+  4+p2 < D@n®°+3n+1)
6
12+22+  +n2 = n(n+ 1)(2n + 1)
6

32. Loi gidi cua Acsimet (tém tat)
Gia st rang nhing hat cat nhé d&n muc 10000 hat mdi 1dp day

mot hat anh tdic (hinh ciu). (Pudng kinh mdt hat anh tic bang :—0

tic). 0 Hi Lap chi c6 6 dém d&n van (1 van = 10*), va 1 van van,

tic la 10 . 10* = 108 .
= (= ()
Vo Ty d,

Tu d6 suy ra qua ciu c6 dudng kinh 1 tdc chwa 64000 hat anh
tic hay 64.000 van hat cat, hay 64 . 10’ hat cat, hay vao khoang
10 . 10® hat cat (lam tron vi : 10 > 6,4). Qua ciu dudng kinh 100
" tdc chia khdéng nhiéu hon 10% .10 . 10® hat cat. Qua cdu dudng kinh
10000 tic chia khéng nhidu hon 102! = 10.10%*.10'% hat cat. Vi
1 dam nhé hon 10000 tic nén r6 rang }a qua cdu dudng kinh 1 dam
chia it hon 10?! hat cat.

Lap luan tuong tu nhu vay ta tinh dugc qua ciu :

dudng kinh 102 dam chita it hon 1000 . 108 - 3 hat cat

duong kinh 10 dam chua it hon 10 . 108 - # hat cat

duong kinh 10° dam chua it hon 10%.10.10% - % hat cat

duong kinh 10% dam chya it hon 10.10*. 108 - ® hat cat

duong kinh 10'° dam chia it hon 1000 . 10 - ® hat cat

Lwu y rang 10'% dam 1 10000 tritu dam. Puong kinh cta Thai
Duong H2 nho hon 10000 tridu dam, do vay qua cau Thai Duong He
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chia it hon 1000 . 10® - © hat cat. Con dudng kinh cia Trai D4t khoang
1 triéu dam ( 10° dam), theo két qua trén thi qua ciu c6 dudng kinh
bang Trai Dat chwia 10°. 10 . 10% - 4 hat cat hay 10%? hat cat.

33. Bai toan duyng da giac déu 7 canh nay cua Acsimet duge goi
I2 bai toan cd ndi tiéng thi 4. Ngoai né ra ba bai toan cd ndi tiéng
khac 15 gdp d6i hinh lap phuong (35), chia ba mdt goc (36) va ciu
phuong dudng tron (37).

Acsimet da bi€t rang bai toan nay khdng thé giai dugc bang
thudc va compa vi s0 do canh cia da gidc nay ia nghiém cia mot
phuong trinh bac ba, khong thé bidu dién dudi dang can bac hai.

Bang tidu chuin Gausg, ta cing c6 thé khang dinh dugc khong
thé dung duge da gidc déu 7 canh bing thuéc va compa. Tieu chuin
Gauso néi rang : Néu n la mot s6 nguyeén t8 thi diéu kién can va du
de dung dugc mot da giac déu n canh bang thudc va compa la n ¢
dang 2%k 41 .

Tuy vay c6 thé dung dugc da gidc déu 7 canh gin chinh xac
nht phucng phdp bac thang, bang thudc va compa, hoac dung dugc
hoan toan chinh xdc né&u ngoai viéc dung thudc va compa con dung
them nhing dung cy khic (chdng han hai éke).

Cach dyng gin &ing, dya vio nhan xét sau : Néu goi a, la s6
do ciia canh da gidc d&u n cgnh ndi ti€p dudbng tron bén kinh don
vi thi :

(¢
26in380" ~ 0,868
14

a7=

2 2

con

i

Nén néu liy aq f‘é‘i thi sai s khong vugt qua 0,3%.

Trong cich dung dung, bai todn dua vé vigc gidi phuong trinh

x' =1 = 0, nghiém cia né khong thé bidu dién dugc dudi dang can
bac hai.
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Nghiém khdc 1 ctGa can bac 7 cia don vi théa phuong trinh :

S+ et +S+2+lv1 =0 (1)
trong d6 e = cos—zét— + isin—z£ , luu y el Tk = e_k, nén phuong trinh

(1) duge viét lai la :

e+e 4 +e 248 4+78 = 21 (2)
Dat e+e ! = y (3)
Din t6i e2+¢ 2 =y2 -2 (4)
va S+e73 = y3 3y (5)
Dovayy y2+y?2—2y—-1=0 (6)

Bai toan dan téi giadi mot phuong trinh bac ba, nhu da biét,
khong thé c6 nghiém biéu dién qua cic can bac hai. Do vy ma khong
thé dung dugc da gidc déu 7 canh bang thudéc va compa. Tuy nhién,
nhd hai éke thi phuong trinh (6) gidi dugc, c6 nghia la dung duge
da gidc d8u 7 canh. Ta nhan thay rang :

y = e+e 1 = (cos%-*—isin-‘?;l) +

+ (cosE - isingﬂ—) =2coss—2—"I

7 7 7

Do vay néu ndi hai dinh cich nhau
mot dinh bang mot day cung thi khoang
cach tir day cung dén tam la cos Ly :

7 2

Trudc hét dung dudng gip khic
ABCDE (hinh 18) trong 46 AB 1L BC,
BCLCDvaCD LDEvaAB =1,

E  BC=1,CD=2DE=1,trong d6 1; 1;

2; 1 la gia tri tuyét ddi cia cdc he sd cla

Y phuong trinh (6). Dat hai éke nhu hinh

Hinh 18 vé, dung dusng gip khiic AXYE. Qua tinh
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toan ta khang dinh dugc XB = y (la nghiém phai tim). Ta kiém tra diéu
nay : ki hieu géc XAB la a , suy ra XB = tga .

CY = XCtga = (XB + 1)tga
= (tga + I)tga = tgza + tga .

CY = 2+DY = 2+cotga = 2+-L = 282+ 1.
- tga tga
do vay 2tgat1 _ tgza + tga
tga

tg3a + tgza — 2tga -1 = 0
Tu d6 thdy rang tga = XB théa phuong trinh (6) va do vay cb

thé 1dy y = XB. Luu y rang & = XB 15 khoang cach tit tam B dén
2 2

day cung nhu da néi & trén, qua H 14 trung diém cia XB, dung
dudng vudng goéc véi doan thing nay cit dudng tron tai cac di€m II
va VII, ching chinh la cac dinh cua da gidc déu 7 canh, tu 46 ta
suy ra cac dinh khac modt cach dé dang.

34. Ki hitdu X, Y, Z, T lan lugt 14 s6 bdo duc mau trang, xam,
nau, d6m, con x, y, z, t 14 s6 bd cdi tuong dng. Theo bai ra ta c6 hé
phuong trinh :

X=(é+§Y+Z
\T=(i+?T+Z
T=(%+%x+z
ae (Tehey
s= (LeDaes
t=(é+%yz+w
z=(%+%yx+m
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va X + Y la 8 chinh phuong (tic la X +Y = p?)

T + Z 1a s8 tam gidc (tic la T+ Z = ﬂ@.ﬂl)
2
Acsimet da dua ra loi giai cu thé bai toan nay véi két qua s8
bo duc tring X la :
X = 1598 . 10206541

va téng s8 bd la 7766 . 102°%°* con.
Ciang nén bigt rang d€ viét tron ven 16i gidi bai toan nay cin
660 trang gidy, ngay cd khi mdi trang gidy giam &i 2500 chit sb.

35. Trudc tién, xét bai todn glp ddi hinh vudng, c6é nghia la
dung mot hinh vudng cé dién tich gp ddi hinh vudng da cho. Nguvi
Hi Lap c6 dai da giai duge bai toan nay mot cach dé dang. Chi cin
ding thudc va compa dung doan V2.

Canh cia hinh vuéng cho trudc la a, con canh cda hinh vudng
phai dyng la av2 (hinh 19).

a Bay git ta xét bai toan téng quat hon
N la bai toan gap doi khéi lap phuong. Nguoi
\ Hi Lap cd cing da xem xét tdi bai toan
\ nay va o ging giai né bang thude va
' y compa. Néu s8 do cla canh cia khdi lap
L. phuong da cho 1a a, ta goi x 1a s5 do canh
e khdi lap phuong phai dyng thi x sé la
Hinh 19 nghiém cua phudng trinh :

X3 = 233
= 2,8 3
din tdi x = a“Vv2

hay dan téi dung doan 3v2 bang thudc va compa. Moi c& ging cua

nguoi Hi Lap c6 d€ dung doan V3 bang thuéc va compa la vd ich
va khé c6 thé ndi cac o8 ging nay kéo dai bao lau nida n&u nhu vao
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nua ddu thé ki XIX nguoi ta chua ching minh dugc ring khong thé
dung dugc doan V2 bang thudc va’compa.
D€ cbé khai niem vé& kha nang giai dugc hoac khong giai duge

ctia bai toan dyng hinh, ta luu y nhing diém duéi day. Véi thude va
compa c6 thé dé& dang dung dudc cic biéu thic :

a+b;a->b,; 92;‘/35-;\/a2+b2‘;\[32*b2 ’
c

trong d6 a, b, c 1a nhing s8 cho truéc hay nhitng doan thing cho
trude. Néu nhu 16i gidi cia mot bai toan dan dén viéc ap dung lieén
tiép mot s6 lan hiru han cic phép dung hinh trén thi né giai duge
biang thuéc v compa. Con néu khong thi coi 1a khong gidi dudc bang
thuéc v compa. Bai toan gip doi khoi lap phuong 14 mot vi dy vé
sy khong giai duge clia modt bai todn bang thuée va compa.

Toan hoc hién dai da ching minh duge rang : Mot phuong trinh
bac ba véi he s6 hiu ti n&u khong c6 nghiém hiu ti thi khong thé
giai dugc béing can bac hai, tic 12 khdng nghiém nao cia phuong
trinh c6 th& dyng dugc bang thudc vh compa. ‘

Nhu trén da noéi, bai todn gip ddi khoi lap phuong dan téi giai
phuong trinh bac ba :

x3-2a% = 0
véi a la canh cha khéi lap phuong cho trude.

Con x la canh cta khéi lap phuong gip ddi phai tim. D€ don
gidn, tachoa = 1, khidé6 x> ~2 = 0 . Day la phuong trinh vdi he
s6 hitu ti va dé thidy né khong c6 nghiém hiu ti, do vdy ma theo
dinh li trén, bai toan gip d6i khdi lap phuong nay khong thé giai
duge bang thudc va compa.

Pécac (René Descartes) la nha toan hoc ddu tién cdng khai néu
¥ kién v& viec khong thé dung dudc bang thudc va compa doan thing
3V2 . Nam 1637 ong da dua ra ménh d@ : can bac ba cia mdt s hitu
ti khong phai s8 lap phuong, néi chung 12 mot s3 vé ti khong thé dua
dugc v&é mdt s3 hitu han phép tinh ldy can bac hai. Nam 1837, nha
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todn hoc Phap Bessel da ching minh chat ché vé tinh khong giai duge
bang thudc va compa bai toan gip do6i khdi lap phuong.

Mot trong nhirng nha hinh hgc ¢ dai Hi Lap dau tién tién tai
viec giai bai todn gap doi khoi lap phuong bang thudc va compa vdi
sy hd trg cua cdng cu khiac d6 14 Hippocrate (theé ki thd V trudc
CN). Hippocrate da chuy&n viéc giai bai toan khong gian gip ddi khoi
lap phuong vé bai toan phing bao g8m viéc tim hai s8 x, y nhm gida
a va 2a, sao cho a, x, y, 2a hgp thanh mot cdp sO nhan, tuc la

y 2a

® |®

Tir d6 x° = ay va y2 = 2ax , do vay xt = a“zy2 = 2a%x , hay
la x3 = 2a% . Tic la x sé la canh cta khéi lap phuong gip doi khéi
lap phuong canh a phai tim.

Ro rang vdi thudc va compa thi cic "doan dat" x, y khong thé
dung dugc vi ndu dugc sé dua t6i mau thudn vdi viec khong dung
dude cta doan x = V2 bang thuéc va compa. Tuy vay cac "doan
dat” nay lai c6 thé dung dugc nhd cac cong cu phu trg khac. Platon
va Oratosten (Eratosthéene) da dua ra hai cdong cu dic biet d€ tim hai
"doan dat' x, y nam gita hai doan a va 2a cho truéc. Cong cu cia
Platon gdm hai thudc thg vudng goc thong thuong, con phép dung
dua vao bd dé : Trong mdi hinh thang vudng (hinh 20) cé hai duong
chéo vudng géc thi cac doan théng do cac dudng chéo cdt nhau tao
thanh lagp nén mot cdp s6 nhan (Cac ban thd ching minh).

B C m
x a
0]
y 2a
A D
Hinh 20 Hinh 21



Hinh vé 21 n6i 1én cdch dung hai thudc thg vudng géc dé dung
hai "doan dat" x, y : Liy hai dudng thdng m va n vudng géc véi nhau
tai O. Lay OC = a, 18y OD = 2a, bay git lay hai thudc vudng goc
(trén hinh vé gach chéo) dat ching sao cho mdt canh cia thude thg
thi nhadt di qua C, con dinh thuéc nim trén dudng thing n, canh
clia thudc thg thy hai di qua D va dinh thuéc nam trén dudng thing
m, cic canh con lai cia hai thu6c trung nhau.

Vé6i cach dat nhu vay thi OB = x va OA = y. Theo b3 @& trén
thi x = OB la canh cia khoi lap phuong phai dung.

Cong cy cia Oratdsten mang tén "Mezéliabi", c6 nghia 1a "thudc
bat", nghia la "bat" ra hai "doan @at", trong 46 mét doan la canh cta
khdi lap phuong phai tim. Cong cu nay gém hai thanh gb dat song
song cdch nhau modt khoang bang 2a. Trén hai thanh gb 46 dat ba
tam gidc vudbng bang nhau trong d6 tam giadc diu tién cd dinh & bén
trai, cdon hai tam gisc kia chuyén dich dugc doc theo cac thanh gb
sao cho cdc canh géc vudng bang nhau nim & thanh phia trén con
cac dinh cda ching nam & thanh dudi (hinh 22).

Trén canh HD cua tam giac bén

phai cudi cung ta lay DQ = a. Sau M N

d6 chuyén dich ciac tam giac sao cho

diém cit cia canh géc vudng cla tam E F/G / n
gidc truéc véi canh huyén cua tam Q

giac sau (trén hinh vé 2)2( 12 hai diém % | y ™ m
M va N) nam trén cung mdt dudng A B CD

thing v6i E, Q. Khi d6 ti cic tam Hinh 22

giac d6ng dang, ta co6 :

a _ NC MB NC = x, MB =
NC MB 2a

$a

‘<|>e

EL Nhu vay NC = x chinh la d6 dai canh hinh

ol

vudng phai tim.
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36. Nhing nha bac hoc ¢ Hi Lap da khong khé khan gi 1dm
dé chia ba modt goc bat ki thanh ba phan bang nhau nhd nhing dung
cu c6 tinh co khi. Nhung véi ho van ludn tén tai mot cau héi Ia ligu
chi dung thudc va compa thdi thi c6 thé chia ba mot géc bat ki thanh
ba phdn bang nhau dugc khong ?

Pé trad 18i chu hoi nay, ta 1ap luan nhu sau : Gid st géc phai
chia thanh ba phdn bang nhau la 3« . D& thiy rang

3

cos3a = 4cos"a — 3cosa

3

do vay 2cos3a = 8cos“a — Gcosa

Bay git gid st 2cos3a = a va 2cosa = x, khi d6

a = x5 — 3x

hay 1a x*-38x—a =0 (1)

P& ching minh rang bai todn "chia ba mdt géc" khong thé giai
dudc bing thuéc va compa chi cin chi ra mdt géc khdng thé "chia
ba" dugc bang thudc va compa. Chang han géc 3a = 60° , ta c6

cos3¢ = 1, phuong trinh (1) s trd thanh x® —3x — 1 = 0 (2)
2

Ta biét rang nghiém hiu ti cia phuong trinh (2) chi cé thé 1a =1,
nhung khong s6 nao trong hai s + 1 théa man phuong trinh (2). Do
vay ma phuong trinh (2) khong c6 nghiém hitu ti, vi th€ khdng nghiém
nao cia né c6 thé dung duge bang thudc va compa. Luu y rang do géc
60° khong thé chia ba dudc bang thuéc va compa nén géc 20° va
40° cing khong thé dyng dugc bang thude va compa. T dé nit ra la
cac da giac déu 9 canh, 18 canh ... khong thé dung dugc bing thudc
va compa.

Hon nia, ta c6 thé chi ra mot tap hgp vd han cac gia tri cia
géc « ma nghiém cta (1) khong thé dua vé& can bic hai, tic la cb
mot tap hgp vd han cic géc khong thé "chia ba" dudgc bang thudc va
compa. Do vay ma bai toan chia mot géc thanh ba phan bang nhau
bang thuéc va compa néi chung la khong giai dugc. Nhung néu
3a = 90°, thay vao phuong trinh (1) ta s8 c6 x> — 3x = 0 (3).
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Phuong trinh (3) nay sé c6 nghiém 0; * V3 bidu dién duge dudi
dang can bac hai, do d6 géc 90° c¢6 thé duge chia thanh ba phan bang
nhau chi bing thudc va compa. Suy luan tuong tu thi géc 45° c6 thé
"chia ba" dugc bang thudc va compa ... va nhu vay c6 mot tap hgp
vd han cdc géc c6 thé "chia ba" dugc bang thudc va compa, chang
han nhing géc o6 dang z , n nguyén ducong (ban nén ty ching

2]1
minh di€u nay).

Acsimet da c6 mot
cach giai dac biét va rat
don gidn bai toan chia ba
mot goc véi mot cai "thude”
riat dac biét, goi la "thudc
danh dau hai di€ém". Cu thé
la, gia sit cAn chia géc nhon
ABC thanh ba phan bang
nhau (hinh 23), lay B lam
tam, dyng duong tron ban
kinh R, cAt cdc canh cia
goc tai D va E. Bay gity dung "thuéc danh ddu" cia Acsimet, danh
dau hai difm 14 F vA G sao cho FG = R,

Hinh 23

Pat canh "thudc" tai diém E sao cho F thl nim . trén dudng tron
con G thi nam trén canh AB kéo dai. Khi d6 géc EGD s& la goc cb

s do bang mot phan ba goc ABC . That vy, theo hinh vé 23, ta ki

hidu cdc géc 1a 1, 2, 3, 4, 5, can chitng minh géc 5 bang méot phén
ba géc 1, rd6 rang la :

1=%+§;2=3v€1§=§
§=Z+%"§=2.%
dodé 1=58+3=58+2, 5=3.5, Bai toan duge ching minh,

Viéc tim ki€m nhing phuong phap méi gidi bai toidn chia ba
mét géc cho thdy bai toan nay lién -quan téi cdc bai toan dai s6 va
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lugng giac. Chang han vio th& ki XV, nha bac hoc Alcashi da ap
dung phép chia ba mot géc d€ lap cac bang s8 lugng giadc rit chinh
xac, can cho thién van va tinh toan. Cu thé& sau khi 4p dung céic
phuong phép tinh gin ding nghiém cta phuong trinh bac ba, dng
da tinh ra dugc sinl® nho gia tri da bidt cia sin 3°. Sau d6, vao th&
ki XVI, nha toan hoc Phap, Viet trén co sd bai toan chia ba mot goéc
da tim dugc cach giai lugng gidc phuong trinh bic ba trong trudng
hgp duge goi la "khong bién @i dé ha bac dudc". Cac nha todn hoc
khac nhu Deécac, Niuton, Clerd (Clairaut) ... ciing da dua ra nhing
loi giai rat hay, nhung kha phuc tap bai toan chia ba mét géc. Dén
nay ngudi ta ciing van dang tim nhing I5i gidi méi cta bai toan nay.

37. Bai toan cu phuong dudng tron da dudc cac nha bac hoc
cd Hi Lap 8 ging giai, nhung khdng thanh cong. Vin dé la & chd
bai toan ciu phuong dudng tron cing nhu bai todn gap dé6i khéi lap
phuong va bai toan chia ba mot géc khong thé giai dugc bang thuéc
va compa.

Sau nhitng ¢ géng bat thanh cida c4c nha toan hoc, k& ca nhing
nha toan hoc "nghiep du" d€ giai bai toan cAu phuong duong tron,
tr nam 1755, Vién han lam Pari da quy&t dinh khong xem xét cac
cong trinh c6 lién quan dén cac bai toan cAu phuong dudng tron,
chia ba mot géc va gip d6i khdi lap phuong nia. Diéu nay it nhiéu
da lam "ngudi lanh" nhigt tinh clGa cac "nha cau phuong".

Chi mai dén nda sau th€ ki XIX, nha toan hoc bitc F Lindoman
da ching minh dugc bai toan trén khéng thé giai duge nhs thuéc va
compa. Cach ching minh cta F.Lindoman rit khé va nhm ngoai gi6i
han cta gido trinh toan so cip. Xin tém tit y tudng nhu sau :

Gia st cho trudc dudng tron ban kinh R. Yéu ciu dyng mot
hinh vudng c6 dién tich bang dién tich hinh tron nay. Ta ki hidu

canh hinh vudng la x, khi d6 x> = 7zR? , suy ra x = RV7 .

Nhu viay din dén viec dyng tich doan R cho trudec véi Vo , véi
yeu ciu la chi dung thuéc va compa.
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Bang thudc va compa ludn dung duge tich cta doan R vdi modt
s6 hiu ti nhung khong phai hic nao cing o6 thd dung duge tich cia
doan R v4i mot s6 vd ti. Pidu nay c¢6 thé lam dude trong mot vai trudng
hap, vi du d6i véi s6 vd ti V2 hosic V2 — V3 ; khi @6 RV2 la canh

ctia hinh vudng ndi ti€p duvng tron ban kinh R, con RV2 — V3 Ia
canh clia da giac déu 12 canh ndi ti€p dudng tron ban kinh R, ma da
giac déu 12 canh rit dé dung, sau khi dung dugce luc gidc déu.

.Li thuy&t dung hinh da xac dinh rang chi c6 th€ dung dugc tich
cia doan R cho truéc véi mot sd thuc bang thuéc va compa trong
trudng hop sd thuc d6 1A nghiém cia phuong trinh dai s§ véi cac he
s6 nguyén c6 nghiém dugc bidu dién bang can bac hai. Mot s8 khong
thé 1a nghiém cla modt phuong trinh dai s8. V6i ciac he¢ s nguyén
dugc goi la s6 sidu viet. Vay thi € ching minh sy vd nghigm cua
bai toan cAu phuong dudng tron bing thuéc va compa chi cin nédu
ro « hoac vV 1a sO siéu viet 1a &aq.

Cong lao ctia F Lindoman chinh 1a & chd 1an d4u tién trong khoa
hoc 44 ching minh chat ché duge 7 14 sd sidu viet. Do vay da hoan
thanh viéc xdc dinh tinh khong giai dugc cia bai todn cdu phuong
duong tron. Vi thé ngudi ta goi F.Lindoman 1a "ngudi danh bai s6 x "

Tuy vy bai todn nay c6 th& giai dugc n&u ngoai thudc va con;pa
con dung thém dung cu khic, hay vai dudng cong dac bigt (nhu
dudng cong bac hai). Bang thudc va compa chi cho 16i giai gin diing
ma thoi. '

Duéi day la modt trong nhing loi
gidi gan ding bang cach sd dung tam
giac Bing. Loi giai nay do ki su ngudi
Nga Bing dua ra nam 1836, rdt thuan
tién cho cic muc tiéu ng dung. &

Xét tam giac ABC ndi tiép dudng B
tron (hinh 24) sao cho canh l6n nhit 1a
dudng kinh duong tron. Ta ki hiéu géc
CAB Ia a , day cung AC la x. Can chon
Hinh 24
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cho @ mot gia tri dé x 1a canh cia hinh vuéng ciu phuong. Do dig¢n
tich hinh vudng canh x phai bang dién tich hinh tron nén :

x2 = nR2 hay 4R%cos’a = nR?

tr 46 cos®a = L, cosa = 1
4 2
dugc a = 27°36’. Nhu vay sau khi dung mot day cung chia géc

Vi = 0,886 . Tra bang s8 ta nhan

27°36’ trong dudng tron thi ta ¢é6 ngay canh hinh vudng cé dién tich
bang dién tich hinh tron. D& doan ra rang tam giac ABC dugc xét
dén chinh la tam giac Bing.
Mot cip s0 cong voi s8 sO hang chin cé thé viét :
T 81,3, - 58,8, gy - 589y
Goi S, va S, lan lugt la tong nita ddu va téng nia cudi cia cip
s0 cong d6 thi :

+ a

a, +a a
1 nnvil82= n+ 1 2n

2 2

S, =

1 n

Gia st d l1a cdng sai cua cip sb cong, ta co :
a, = ay+(n—1)d;a, ,; = a;+nd;ag = a +(@2n-1)d
do 46 S, - S, = d.n® Day chinh la diéu phai ching minh.

Bai toan nay cta nha bac hoc c8 Hi Lap Gipsic sdng vao khoang
thé ki II, truéc CN. Ong cing la tac gia cta nhidu bai toan thid vi
khac.

39. Herong gidi bai toan nay theo cong thic do dng tim ra :
Sy = Vp(p —a)(p ~ b)(p ~ ©)

a+b+c
2

Vi thé cong thic nay cdn duge goi la cong thic Herdng. Dap s®

S, = 84 (don vi dién tich).

trong @6 p = :a, b, ¢ la s8 do cia cac canh cua tam giac.
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Nha bac hoc ¢8 Hi Lap Herdng song vao the ki thy 1. Ong dudc
xem nhu la nha bac hoc tai nang nghién ciu vé tric dia. Trong tac
phim "Do", dng da dua ra cdc quy tic giai phuong trinh bac hai,
cich tinh gan ding can bac hai, can bac ba, cdong thuc tinh gin ding
dién tich, thé tich vat thé hinh hoc, trong d6 ndi tiéng nhat la cbng
thic tinh dién tich tam gidc theo ba canh cua né.

40. Ki hietu x — 1, x, x + 1 l8n lugt la cdc canh cia tam gidc
phai tim. Khi d6, theo cong thic Herdng, dién tich tam gidc 1a :

VEG3G3-)

2
Dod: S = -}5\/3(’—&——1) ; trong @6 £ = m la s§ nguyen.
2 4 2

Khid6 thi S = mV3m2—~ 1), vi S nguyén nén m? — 1 = 3n? hay
S = 3mn.

S

Tir didu kitn m2 -1 = 3n’ suyy ram?2-3n% = 1

hay (m + nV3)(m - nv3) = 1 (1)
(1) &dng v6i m = 2 van = 1
(2+V3)(2-V3) =1
Suy ra 2+ V3)P2-V3P =1wip=12 3..(2)
T (1) va (2) rit ra '
mp+np\/§ = (2 + V3)P

m, - np\/§ = (2-V3)P
K&t qua cho theo bang dudi day :

p X S

1 4 6

2 14 84

3 52 1170
4 194 16296
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41. Theo diéu kién dau bai, chia day s6 le thanh cic nhém, .
tuc la :

1+ @+8)+((7T+9+ 1)+ 13+ 156+ 17+ 19 + ..

Ta thdy truc tiép : S, = 1 = 1°
SZ=3+5 =8=23
Sy = T+9+ 11 =27 = 3°

S, = 13+15+17+19 = 64 = 4% vv..
Nhan thdy nhom thd n c6 n s6 hang, do vay s0 s6 hang cua

n—1nhémd§ula1+2+...+(n—1)=l‘£’.21ﬁ.'mdomtra
n(n—l)_1=
‘)

a—d

s0 hang cudi cung cia nhém thi n — 112 2.

= n(n — 1) — 1, suy ra s hang ti€p theo cia day s0 lé, tic la s0 hang
dau tién cianhém tht nla :nn — D — 1+ 2 =n’-n+1vass
hang cudi ciing cia nhém thd n la n“—n+1+ 2(n—1) =

=n?+n-1.Tu day suy ra tdng cia nhém thd n :

g __nz—-n+1+n2+n—1 _ .3
n = > .n = n° .

D6 chinh la diéu phai ching minh.

Tac gia cta bai todn nay la nha bac hoc cd Hi Lap Nicomede
vao th& ki thi I. Cudn "Nhép modn s8 hoc" clia 6ng da dudec dung
lam sach gido khoa vé todn hoc so cip trong mot thoi gian dai.

42, Can phai ching minh :
AB.CD + AD.BC = AC.BD.
Ta dung géc KBC bang géc ABD (hinh 25). Khi 46 AABK v» ABCD

viAﬁ=lﬁévﬁﬁ?=ﬁ.TﬁdésuyraAB = AKha.y
BD CD

AB.CD = AK.BD (1)
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Dé thay AABD v» AKBC vi

" " C

ABD = KBC va ADB = BCK . T d6

AD _ BD .0 ADBC = KCBD (2)

KC  BC
Cong (1) v6i (2) : B

ABCD + AD.BC = (AK + KC)BD

hay AB.CD + AD.BC = AC.BD . D
Day chinh la diéu phai A

ching minh. Hinh 25

Ptolémée la nha bdc hoc cd Hi Lap, chét vao khoang nam 168.
Nhing cong trinh ctia 6ng cé y nghia 16n d6i véi sy phat trién cta
todn hoc, vat 1y, dia li va nhat 14 d6i véi thien van hoc. C)ng da c8
gang xay dyng luan ching todn hoc cho thuyét "Dja tAm" cta minh.
He thdng nay (dia tdm) cua Ptolémée thdng trj sudt 14 th& ki cho
dén khi nha thién van hoc Ba Lan Nicolas Copernic (1473 — 1543)
dua ra thuy&t "Nhat tam", phan anh ding thyc chat cia thé gidi.

43. Tu di€u kién diu bai, ta c6 he phuong trinh :
1

X—y = =2
3
y—z:lx
3
z-10 = 1y
3
C w1 . N 1 _ 1
Sau khi giai hé nay nhan duge x = 45,y = 375 , Z = 225

(tdt ca cac bai toan ctia Diophante dugc gidi véi ki higu cua toan hoc
ngay nay).

. X +
44.T1‘rphuongtrinhx+y=IOtacoxzy = 8.

Datx_y~=ztarlitrax=5+z,y=5—z.
2 .
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Khids x%2+y%2 = (5+2>%+(5-2)72

hay xZ + y2 = 50 + 272

Tt phuong trinh thi hai cda he rit ra 68 = 50 + 222 . T d6
2
z“ =9

45. Theo gia thidt thi canh huyén bang x> + x con canh géc

vudng 1a x3 — x , theo dinh li Pitago thi canh géc vudng kia la

\/(x3 + x)2 — (x3 - x)2 = x° .

Tu d6 cé phuong trinh 2x% = x3 | suy ra x = 2. Vay canh

huyén bing 10, canh géc vudng thid nhat 1a 6, canh goc vudng thu
hai bang 8.

46. Ki hidu x 1a phan nhoé cia lan chia thd hai. Khi @6 phan
16n cda l1an chia thd nhit 1a 2x, suy ra phan nhd cGa ldn chia dau
la 100 — 2x; do vAy phan 16n cta lan chia thut hai 1a 300 — 6x.

Tiu &6 ta c6 phuong trinh :
x + (300 — 6x) = 100

Rit ra x = 40.
Tra loi : Lan chia ddu : phan nhé 20, phan lén 80
Lan chia sau : phan nho 40, phan lén 60.

47. Ki hitu 2x la hiéu cia hai s6 cin tim. Khi d6 sd 16n sé la
10 + x, con sd nhé la 10.- x.

Theo gia thiét : (10 + x) (10 — x) = 96,

hay 100 — x% = 96 , tit d6 x° = 4 .

Vay cac sd phai tim 1a 12 va 8.

48. Bai toan dan d&n giai hé phuong trinh :

2
X - 3. % +y2=5

x+y

<
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2

2 2
T phuong trinh d8u suy ra 55 =9, disuyra X Y o 10
2

y y

H]

2
thay vao phuong trinh thu hai : 29 = 5, hay 10y*> = 5(x + ¥),
: X+y

chi y ring x = 3y, nén rit ra 10y2 = 20y, vayy = 2, x = 6.
49. Bai toan din dén gidi h¢ phuong trinh :

x+yz = 35 (1)
x+2z)y = 27 (2)
(y +z)x = 32 (3)

(1) trir (2) = xz — xy = 8 rdi cong véi (3) nit ra :
xz = 20, xy = 12 ; yz = 15.

Dip s6:z2=5;,x=4;y =3

50. Bai todn nay c6 vo s Ioi gid.

Ta c6 thé bi€u thj s6 dau 1a tich cia x v6i lap phuong cia mét
s5, chdng han 2% = 8, tic la c6 dang 8x; s6 thy hai Ia x% — 1. Néu
vay thi mdt trong cac diéu kién cua dau bai dugc théa méan : Tich
hai s§ cong véi s§ ddu ding bang lap phuong cia mdt sd :

8x(x2 - 1)+8 = (2x)3 (D
Theo @iu kign thd hai thi 8x(x% — 1) + x2 — 1 cing phai la lap
phuong cta modt s& ndo d6, chiang han (2x — 1)° .
Tu d6 ta c6 phuong trinh d€ tinh x nhu sau :
8x(x - 1)+ (x2 ~ 1) = (2x - 1)3 (2)
rit rax = 22 8 dau 1a 12 | of tha hai la 2L
13 13 169

Ta nhan thiay rang tinh vd dinh clia nghi¢m thé hién & chb trong
(2) ta chi cin chon v& phai sao cho c6 dang (ax + b)3 véi a, b 1a cac
s& thuc bat ki. O cach giai nay Diophante chon a = 2, b = —~1 dé cho
phuong trinh tré thanh bac nhit dé giai.
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51. Pat tdng cia ba s6 I, II, IIT 1a :

I+ 11+ 001 =x+1)2%=x2+2x+1

x%, khi d6 Il = 2x + 1.

Hon nita, theo gia thiét thi I + II
Bay git gia st II + III = (x — 1)2.

Ti @6 ta nhan duge I = 4x, IT = x% — 4x, hon nia

I + III = 6x + ! cAn phai 1A mdt s6 chinh phuong, ching han

112

84

= 121 .

Ta nhan dugc phuong trinh :
6x + 1 = 121
Ta @6 x = 20.
Do vay cac sd sé la : I = 80 ; II = 320 ; III = 41.

52. Theo diéu kién dau bai, cho truéc mdt géc a , duong phan
- gidc ctia né va mot diém nam trén phan

Y A gidc. Can phai dung doan BC (hinh 26a)
. sao cho c¢6 @6 dai da cho.
[0
C Trude tién dung mot tam gidgc ABC
D (hinh 26b) & vi tri tuy y. Trong trudng

hgp nay, phai dung mot tam giac véi day
da cho d6i dién v6i goc o va phan giac
da cho. Gia st B,C; bang BC. Dung cung
chia géc a qua B;C, . T trung diém

E, ctia day cung B;C; dung dudng vudng
goc K, E; véi B,C; .

Nhu vay bai toan dua dén viéc dyng
day cung K;A; sao cho D;A; = DA cho
trudc.

Xeét tam giac E K D, va A K H,



Dé dang thay ring ching 1 nhing tam gidc dong dang, do do:

KD, _ BX,

HK, K4
hay 1a K,D, . KA, = EK, .HK,
Luwu y rang K;A, = K,D; + D,A, ; ta nhan duge :

(K,Dp)? + K,D, .D,A, = H/K, .EK, . 1 C,K, la canh cia
tam gisc vuong H,C,K, nén : HK, .EK, = (C,K)?,

suy ra : (K,D))’+ KD, . DA, = (C,K)>

Ky hitu KD, = x;AD, = pvaCK, = qthitacd:

x2 + pPx = q2

Vi thé sau khi nhan dugc x tit phuong trinh trén ta sé dyng
dugc tam gidc A,B,C, v6i dudng phan gidc A\D, .

That vy, md compa, khau d6 x = K;D, , tim dugc D, . Ndi
D;K; kéo dai cit cung chia goc tai A; . Do vay ta dung dugc
AAIBIC]_ ., Sau 46 dﬁt A1B1=AB va d\Ing BD.

53. Ki higu dién tich cic hinh vién phan & o, g, , di¢n tich cac
hinh quat tuong dng 12 S, S, , cdn dién tich cac tam gidc tuong ung
la ¥, %, (hinh 27). Gid s¥ a,a, va r,r, tuong ung la cic ddy va
ban kinh cia cic vién phan. Khi d6 :

o=8~%;00 = §;, -2

Do cic tam gidc dong dang nén:

s 2 2 6 6
—il_ B ( fl—) - ( :rl-) — N~
va hon nQa. ’ e r

S _ (1,)2
S r
1 1 Hinh 27
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Suy ra %:
hay la = = 2L
S

T d6 S _Z

Cudi ciung suy ra

=

S _ 5
s T3
S; — 24 o _ o0 _ % o >
hay 2 = 91 _ 2 o . =
_ a
2

54. Gia st cho AABC bat ki va trén canh AB cuia né dyng hinh
binh hanh ABB’A’ va d6ng thoi dyng cic hinh binh hanh ACED va
BCHF tuong ung trén AC va BC sao cho DE di qua A’ va HF di

qua B’ (hinh 28).

M

Hinh 28

c
H
C
B
D \%P‘
B

Ta phai ching minh dién tich hinh
binh hanh ABB’A’ bang tdong dién tich
cdc hinh binh hanh ACED va BCHF.
Kéo dai DE va FH céit nhau tai C’. Néi
C vai C.

Trudc hét dé thay
AABC = AA’B’C’ (g.c.g). Dién tich hinh
binh hanh ACED va ACC’A’ bang nhau;
dién tich hinh binh hanh BB’C’C bang
dién tich hinh binh hanh BFHC vi cing
ddy va cung chiéu cao.

Bay giv tit "hinh" ABB’C’A’A "ldy di" A A’B’C’ thi sé "con” hinh
binh hanh ABB’A’. Né&u nhu ciing tit "hinh" ABB’C’A’A d6 "lay di"
AABC thi "con lai" hai hinh binh hanh ma tdng dién tich cuia ching
bang tdng dién tich cda hai hinh binh hanh ACED va BCHF.

Nhan xét thdy ring bai toan nay la tdng quat héa cua dinh li
Pitago. N&u AABC la tam gidc vudng thi ta sé c6 dinh li Pitago.
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55. Bai toan din tdi viéc gidi phuong trinh :

lx+lx+li+3 = X

2 4 7
Giai phuong trinh nay ta ¢6 x = 28. Nhu viy hoc trd caa Pitago
c6 28 ngudi.
59. Goi x la suc chd cua Lira
y la sitc chd cia La.
Theo d4u bai ta c6 h2 phuong trinh :
y+1=2(x~-1)
y—1l=x+1
Tt @6 dé dangrit rax =56,y =T,
60. Bai toadn dAn t6i gidi phuong trinh :

é—x+x = 12

3

Suy ra x = 5% (cha ngay)

61. Tu diéu kién bai toan, din tdi giai phuong trinh :

lx-i;—l-x+lx+5~i--l-1-{-l-4 =X

6 12 7 2

Giai ra ¢6 x = 84. Do vay Diophante séng dugc 84 tudi.

Vé cudc doi cia Metrodo (ngudi viét bai toan nay) khong ai biét
ro, ca thoi gian sinh va mat. Trong lich si, dng la tic gia céc bai
toan hay dudi dang tho. Nhing bai todn — tho niay duge phd bién
rong rai hic duong thai.
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TRUNG HOA

Nén van héa Trung Hoa, trong d6 c6 toan hoc, c6 ngudn gdc
td thdi c6 dai. Nhiéu phat minh quan trong trong khoa hoc va ki
thuat cia cdc nha bac hoc Trung Hoa la ddng luc cho nhing phat
minh khac trén thé gidi.

Chang han, ho da phat minh ra la ban (vdo the ki tha III trude
CN), may ghi dia chan (thé ki II), may do tdc do (t8c k&). Ho biét
ché tao thudc sing tit luu huynh truéc ngudi chau Au rdt lau (th&
ki X); ngudi Trung Quéc da ndm dugc bi quy&t san xuit d6 sanh su
tir thé ki tha VII, truéc CN. Trung Hoa con la dat nuéc cla lua, son
mai va vécni. Vao thé ki XI, nguti Trung Hoa da ch& tao chi in roi,
thyc chdt khong khac gi véi hién dai.

o] Trung Hoa 43 xuit hién mon thién vAn md ta, tdc la khoa
hoc v& cic thién thé va lich. Ti thdi c8 dai, cdc nha bac hoc Trung
Hoa da biét quan sat hé mat troi, sy chuyén dong cta cic vi sao.
Vao the ki IV truéc CN, nha thién van Trung Hoa SHI-SHEN da
lap dugc bang so d6 cic vi sao, trong dé mod ta t6i 800 ngdi sao ma
modt bang nhu vay & chau Au (goi 1a ban d6) vao th& ki thd II méi
dugc lap. Dai thién van ¢ Trung Hoa 1a dai thién van Bic Kinh,
dugc xay & ngoai 6 Bic Kinh vao nam 1279,

Tat ca chi dan va i giai bai tap trong phan nay déu rit ra tu
cac tai litu Trung Qudc dugce trinh bay véi ki hidu toan hoc ngay nay.

62. Bai toan dan téi viéc giai hé phuong trinh :

5x + 2y = 11
2x + 8y = 8
1

Dédé\ngrﬁtrax=2,y=§.

Nhu vay 1 con bo gia 2 lugng, 1 con citu gia % lugng. Nhan

day, xin néi d&n tac phdm toan hoc ¢ Trung Hoa : "Ciu chuong
thuat toan" (Cdu chuong). Cudn sich nay da dua ra ciac quy tic va
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nhing bai todn 4p dung cic quy tic nay, trong d6 c6 céc bai toan
‘6 tinh dng dung nhu do dat, tinh thé tich.

63. Bai toan nay dan d&n gidi mdt phuong trinh vé dinh, nghiem
nguyén : gia st x la s§ lan xuc théc bang xéng, y 1a s6 1an xic théc
bang diu gb va z la s& l4n xdc théc bang bat, khi d6 ta c6 hé phuong
trinh :

19x + 1 = 17y + 14 = 12z + 1
Tu @6 nhan dudc phuong trinh vd dinh :

19x=122;x=—12—z-.
19

Vi x, y, z nguyén duong nén c6 thé dat z = 19t
Khi d6 : 17y + 13 = 228t

Sau khi chon gia tri nhé nhit ctia s8 nguyén duong t sao cho
y nguyén, tic la t = 14, ta nhan dugc :

x = 168 ; y = 187 ; z = 266.
Tit 46 tinh ra s6 théc mbi tén trom My :
Tén trom dau tién lay 3 ta 1 yén 9 can 2 lugng;
Tén trom thu hai 14y 3 ta 1 yé'h 7 can 9 lugng;
Tén trdm thu ba 14y 3 ta 1 y&n 9 can 2 lugng.
64. Bai toan din d&n giai he phuong trinh ba 4n :

a+b+c=p (1)
a2+b% =c2 (2
ab = 28 3)

Trong d6 a, b, ¢ 12 canh; p la chu vi; S la dién tich cda tam
giac da cho. '

Tit (2) va (3) suy ra (a + b)2 = 4S +c?,

do (1) suy ra (p—c)2 = 48 + 2
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2
tir 46 gidi ra c =P —48
2p
2
a+b = P +45
2p

dé y t6i phuong trinh (3) thi a, b dugc xem nhu la nghiém cha
phuong trinh bac 2 :

x2_ P48y o5 -0
2p

Nhan day xin néi ¢&n tdc phAm "Nhap modn thuat toan" dugc in
nam 1593. Trong tac phAm nay chida nhitng quy tic tinh todn quan
trong, dé& nhé dudi dang nhing bai thd. Puong thdi, né duge xem
nhu la "gido khoa thu" toan hoc so cp, ddong thai ndi dung cudn sach
chia dyng nhiéu thong tin v8 toAn hoc Trung Hoa cho d&n cudi th&
ki thd XVI.

65. Lui giai cta bai todn, nhu sau : "khi chia cho 3 du 2, vay
lay 140, khi chia cho 5 du 3, vay ta lay 63, khi chia cho 7 du 2, vay
ta 1ay 30. Cong ching lai vdi nhau, nhan duge 233, tir 46 tru di 210,
ta c6 két qua”. :

Bai todn nay c6 thé giai mot cach don gian nhu sau, né din tdi
giai h¢ phuong trinh :

x = 3y+2
x = 92+ 3
x = Tu+2

hay 3y + 2 =6z + 3 = Tu + 2.

Tudéritra 3y = Tu;y = %
3
Do y nguyén, dat u = 3t, t nguyén, khi dé nhan dugc :

y Tt

ty d6 x = 21t + 2
Do vay 21t + 2 = 5z + 3 hay 21t — 5z = 1.

90



Tu day ta chon cap nghitm t = 1, z = 4, cdng thic nghiém
téng quat cia phuong trinh nay la :

t=1+56q;z =4 + 2l1q.
trongdd q =0, 1, 2, ..

Vix=21t+ 2, nénx =23 + 105q,q =0,1, 2 ... khi
0 thi x sé nho nhit, tuc la x = 23, con khiq = 1, x = 128;
q=2x=233q =3, x = 338, vv.

el
L]

66. Chi din : chi can xac djnh xem 1 bach chia bao nhidu mét
khéi, 1 trugng vudng bang bao nhiéu mét vudng la dd. Tir 46 ta tinh
ra chidu cao bang mét.

67. Trong "Ciu chuong thuat toan® dua ra quy tic sau : "Liy
4 (bat), chia cho 3 (ddt dudi), goi 1a he sd dudi, lay 3 (bat), chia cho
4 (d5t trén), goi 1a hé sd trén. Lay he s0 dudi (I6n) tru hé s8 trén
(nho) ta dugc s8 bi chia. Réi My 9 tri di nia téng 3 va 4 ta duge
s6 chia. Lay s6 bj chia chia cho s§ chia ta dudc s& bat chi chénh léch
th& tich ciia 2 46t k& nhau, He s duti g = 151)- chinh la thé tich
cta d6t thd hai ti dudi 1én. T d6 d& dang tinh ra th& tich cac 4ot
con lai".

Theo quy tic 46, c6 thé dién gidi nhu sau :

1) 4 -8 = 7 13 hidu s5 gitta hai hé s8 du6i va trén
3 4 12 ‘
2)9-4_3 - 1 15 o§ chia
2 2 2
3) 7 .11 _ 7 _ 4 Jas§ chenh lech 2 d5t k& nhau
12 2 66

4 2 = 11 ®at) 1a thd tich A6t tha 2 tir dudi len.
3 3

Cach giai bai toan nay dugc “hien dai hoéa’ nhu sau : Trudc
h&ét luu y 1 can bang 16 lang, 1 lang bang 24 phan. Goi x la khdi
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of
P $A“I

lugng mdi théi vang, z 1a khoi lugng mbi thdi bac, ta 6 hé phuong
trinh

9x = llz (D
13+8x+z = 10z2+x (2)

Bai toan dudc giai theo phuong phap "gia thiét tam" (hai 1an).

Dau ti _ . az _9"1_ 5
autlénxl —3,khldoz1 ——11——'211‘

Goi y; la "phan thi€u d v& phai", ti (2) ta cé

y, = (L3+8.3+2—5-) - (10’.2~5—+3)

16 11 11
97 47T _o7 96 _ __ 49
11 .16 11.16 11.16
Sau d6 x9 = 2, khi d6 zo = 1—-7- va néu goi yo 12 "phin thira
11
g v8 trai” ta co :
13 7 7 15
Vo = ([—+1—+8.2) - (10.1—+ 2) =
2 (16 11 ) - 11 ) 11.16

Lap bang theo kiéu Trung Hoa :
X2 X
Yo V1

trong d6 cbt trdi 14 "v& trai" con cot phai 1a "v& phai.

2. 496+3.—£
Taco:x = 1. 11.6 _ 515
49 + 15 64
11.6 11.6
Nhu vay x = 2 can 3 lang 6 phan
Khi d6z = X = 123
11 64
9
Nhu vay z = 1 can 13 lang 6 phan.
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69. Theo phudng phdp gia thigét tam (hai 14n), tic gia dua ra

quy tic giai bai toan nay nhu sau : "Gia si sau 15 ngay thi hai con
ngua gap nhau, khi d6 phan thigu la 337,56 dam. Néu sau 16 ngay
mdi gap nhau thi phan thia la 140 dam. Lay phan thia va thigu
nhan chéo véi s0 luong ngay gia dinh réi cdong lai, dugc bao nhiéu
chia cho téng clGa phin thita va phdn thi€u ta xic dinh dugc s8 ngay
phai tim. N&u phép chia c¢6 du, k&t qua 1A mot hén s6"

la :

Sau n ngay ngua thu nhat chay duge :
193 + (193 + 13) + (193 + 2.13) +...+ [193 + (n — 1).13] =

= 193n + 13 . 9—(“—2’—11 (dam)

Cing vdi s6 ngay trén ngua thd hai chay duge :

2 2
= 9Tn — é l‘ﬁ‘lel (dam)

_L 2.4 Jor-m-1.1] =
o7+ (97-1) + (97-2.1) + [97 (- 1) 2]

Vi vAy sau n ngay tong quing dudng ca hai con ngua chay dugc

193n+13‘ﬂ£_'_12+97n.._1_,2(_n_:_ll -
2 2 2

= 290n + 6& (n2 — n) (dam), cing chinh bang hai 1an quéng

duong, tic 1a 6000 dam. Tu day tim ra duge n.

Bay git ta dién giai quy thc da néu trén.

N&u n = 15, phan thigu la 6000 — 5662—;- - 337-% (dam)

N&u n = 16, phén thira la 6140 — 6000 = 140 (dam)
Goi x 1a s ngay s& gap nhau, th& thi :
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15.140 + 16.. 337l
1 191

140 + 337—
2

Tu day dé dang tinh ra quang dudng mdi con ngua chay dudc.

70. Bai toan dan d&n giai h¢ phuong trinh

5x + 2y = 10°
2x + 5y = 8
Dap s6: x = gia méi con trau = 11—? (lugng)
2

y = gid moi con citu = 20 (lugng)
21

71. Goi x 1a s§ hoc théc thu duge tir 1 b6 lia nang suit cao
Goi y 1a s8 hoc théc thu duge tir 1 bé lda nang suat trung binh
Goi z 1a s8 hoc théc thu duge tir 1 bé lia nang suit thap
Bai toan dan dén giai hé phuong trinh :

3x+2y+2z = 39

2x+3y+z = 34

x+2y+3z = 26

Gidi rataco x = 91 (hoo)
4

y = 41 (hoo)
4

z = 23 (hoe)
4

O day khong trinh bay 15i giai "géc”. Song cing cin néi thém
la ngudi Trung Hoa trong khi giai bai toan nay bang phuong phap
"Fan-chen" (tam dich la "phan b3") da biét d&n ma tran va phép bién
ddi ma tran cia dai s§ tuy®n tinh ngay nay, ching khac gi quy tic
Cramer trong giai h¢ phuong trinh tuyén tinh.
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72. Goi x 14 s8 lia thu duge tit 1 b6 lda nang sudt cao
Goi y 1a s8 hia thu dugc tit 1 b6 lia nang sudt trung binh
Goi z 1a s0 lia thu duge ti 1 boé lia ning suit thiap

2x = 1~y
Theo bai ra, c6 he¢ phuong trinh : { 3y = 1 -z
: 4z = 1-x

Hay dua v& dang chinh tic :
2xx+y =1 (1)
3y + 2 (2)
x+4z = 1 (3)

I
p—t

9
25
T
25
4
25

Dap s6: x =

73. Tuong tuy nhu cic bai todn trén, dan d&n giai he phuong
trinh
[ 2x 1+y
3y 1+z
L 4z = 1 +x

'2x—y = 1
Dang chinh tac la { y—~z =1
-x+4z =1

\

Dap s6 . x

i

17 (y&n)
23

11 (yen)
23

10 (yén)
23

~<
f

N
i
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74. Goi x, y, z tuong ung la gia ctia 1 con trau, 1 con ciu, 1
con lgn, ta ¢6 hé phuong trinh :

2x + 5y = 13z + 1000,
3x + 3z = 9y,
6y + 8z = 5x — 600,

Dap sé . x = 1200 (dong)
y = 500 (d6ng)
z = 300 (dong)

75. Bai toan din dén giai hé gbm 5 phuong trinh tuy&n tinh
véi 6 4n s6 nhu sau :

'2x+y= m
3y +z = m
{ 4z+u = m
SBu+v = m
L 6v+x = m

trong d6 cac 4n s6 1a x, y, z, u, v, m, them vao d6, theo yéu ciu cia
dau bai thi m dugc chon sao cho cic s6 nguyén duong x, y, z, u, v
12 bé nhat.

Gidi he nay ta rit ra :

25, o - 191, _ , |
721 721 721 721 721

Do 36 cidn chon m = 721.

148, .. 129 . _ 76

X =

76. Nguoi Trung Hoa c8 43 biét d&n dinh li Pitago tu rdt lau,
ma ho goi [a "dinh li v& canh vudng va canh huyén". Nhing ghi chép
vé tam gidc c6 cdc canh 3, 4 va 5 c6 ti gan 2200 nam trudéc Cong
nguyén & Trung Hoa da ching minh diéu nay.

Trong cudn "Ciu chuong thuat todn" da dua ra quy tc dé giai
bai toan nay nhu sau : "Liy nita canh b& nuéc nhan véi chinh né goi
la phan dau; ldy phan nhd lén trén mat nuéc 1 trugng nhan véi chinh
né, dugc bao nhiéu lay phan dau trir di né dugc moét sd du; rdi dem
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phian du nay chia cho hai 14n phdn nhé

c—b {"*\\ B Ien mat nube, ta c6 46 siu cua b& nudc;
p thém vao phdn nhd lén mat nudc ta c6
b g d6 dai cda cay say" ...
A _ Theo quy tic trén thi néu ta goi do
b N ~ dai cha canh b8 1a 2a, chidu dai cay say
2a 1a ¢ (hinh 29), 40 su céia b8 Ja b thi b
Hinh 29

b = 8~ (c—b
2(c — b)

c=b+(c—b) = a” + (c ~ b)”

Thay b-c=-—1-—;23=1véotaséc:6:

10

b = 1—15— (trugng)

c = 13 (trugng)
10

2(c = b)

va ¢ duge xac dinh nhu sau :

Nhung vén 48 14 & chd lam th& nao ma nguti Trung Hoa da cb
dude quy tic neu trén ? Trong 16i binh luan vé& cudn sach "Toan hoc
trong chin cudn”, tac gia Luu Hoa da giai thich modt cach thuyét phuc

vé sy hinh thanh cta quy tic trén.
Ong cho rang cic cong thdc bang 1oi
trén ¢6 duge dua vao tri tudng tugng
phong phu cia ngudi Trung Hoa cb.
Cé 1& ho da st dung hinh vé sau day
(hinh 30).

Theo quy tic goi la "tung-hoanh”
thi ta ¢6 a® = c® — b2 . Ti hinh vé
ta lai c6 :

7- NBTC

A

blc-b)

(c-b)?

blc --b)2

Hinh 30

B



22 = o2 p2

= (c — b) + 2b(c — b)
tor dé6

b = .':12—((:-b)2
2(c — b)

77. Ta giai bai toan nay theo quy tic ¢ cia ngudi Trung Hoa
dua ra, theo ngon ngd hién dai :

Goi x la quang duong ma B &i vé

M x N hudng dong, con y la quang dudng ma A
. di vé huéng nam (theo dau bai thi

y y = 10 (dam)) va z la quang dudng ma

“/z A di theo huéng chéo (ddong - bac) @€ gap

B, tic la theo canh huyén cua tam giac

vudng (hinh 31).

Hinh 31
Khi d6 x* +10% = 22 (D
va 7% = 3(z + 10)
b d6 rit ra z = %x ~ 10 2),
. 2 2 7 2
thay vao (1) : x“ + 10° = (—x - 10)
3
hay 2x2 - 21x = 0;x = IOl(dam)
2
theo (2) thi z = +.21 _ 10 = 141 (@am).
3 2 2
Trd I6i : A di dugde 14% +10 = 24% (dam)
2
B di duge 101 (dam).
2

78. Ca bai todn nay cing c6 quy tic giai, dugc goi la quy tic
"chuén bj sdn". Hiéu theo ngdn ngi ngay nay nhu sau :
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N&u ki hitu x 1a chidu rong cénh clda, y 1a chidu cao c4nh cia,
d 1a dudng chéo cia canh cda thi ta c6 h¢ phuong trinh :

d2=x2+y2
:y—x

(m & day 1a chénh lech gita chifu cao va chiéu ring). Tu day ta nhan
duge modt phuong trinh bac hai :

2x2+2mx+mz—d2 = 0

Giai phuong trinh nay ta cé :

R
- ‘\/dz—z(!;l)2

2 2

IB

X1,2 F

hay Xl 2

Vi x phai la s6 duong nén :

+E.
2

L

~12 3
2 m
X = - —
2_

Conyséela: y

Quy tic "chudn bj sdn" nay néi len mdt diu thd vi la : dudng
nhu ngudi Trung Hoa c8 da bi€t gidi cA phuong trinh bac hai !

9. Quy tic c6 Trung Hoa giai nhu sau : "s§ bd do dugc ti cong
phia bic nhan vdi hai 14n s8 bd di vé huéng tay — a6 1a s bi chia.
Cong thém s6 bd do tit cdng phia bac véi sd bd di ra tir odng phia
nam, ta c6 sO chia. Liy can bac haj ta c6 sd do cia canh cua tda
thanh".
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Bai toan nay dugc md ta trén hinh

L: ve 32.
x Theo cac ki hidu trén hinh ve, bai
7 toan dan tdi giai phuong trinh
L x% + (k + lI)x - 2](12 =0

Hinh 32

80. D& giai bai toan, chic la cac nha toan hoc

c6 Trung Hoa da biét dén sy dong dang cia céc
tam giac vudng (hinh 33) : B.\F c
AABF  AFCD,
Suy ra @:L,szC_A__E
BF FC BF
E D
hay _ AB(BC - BF) |
BF Hinh 33

Vi the 15i giai "co" 1a : "ldy 5 tic — dudng kinh giéng, -tri di 4
phan (1 tac bang 10 phan) dugc bao nhiéu nhan véi 5 tic — chiéu cao
cua cay sao. Pem s0 nay chia cho 4 phan thi c6 k&t qua phai tim."

81. Sach "cd" dua ra 18i giai sau day :

"Chu vi day nhan véi né, rdi nhan vdi chiéu cao, chia lam 36
phan, lay 1 phan". _

Nhu vay thé tich hinh nén theo ngusi Trung Hoa c8 dudc tinh
theo cong thuc :

C2

T

V =

w o

da gia thiet = = 3

82. Ngusi Trung Hoa ¢ giai bai toan nay theo quy tic sau :
"Nhan chu vi trén véi chu vi dudi, méi chu vi nhan vdi nhau, cong
tat ca lai, dugc bao nhieu nhan véi chidu cao, chia lam 36 phan, lay
1 phan".

100



Nhu vay, thé tich hinh nén cut 6 Trung Hoa c6 dugc tinh theo
cong thuc :
_ (Cc+C*+cHh
36

Vv

N6 gin ding véi cdng thic hién nay, khi coiz = 3.

vah CctC®+
3 4n

83. Quy tic "c3" dé giai bai toan la : "ldy tong hai canh goc
vudng chia cho tich hai canh &y, ta c6 canh ctia hinh vudng ndi ti€p
tinh bang bd". '

84. Bai toan c6 thé dugc md ta nhu hinh vé 34. Rd rang cic nha
bac hoc Trung Hoa da xét téi cac tam gidc dong dang:

s ASAD « AECD, tu d6 nit ra :

AS _ AD
CD EC
hay lé X = A_S = ,A_D__@
B EC EC
) Thay s§ vao cong thic trén, ta c6 quy tic
bang lui 1a :
Hinh 34
<« = ltrugng X 1 trugng

3 tac
"nhan 1 trugng vdi né, chia tich d6 cho 3 tic thi cé két qua”
dé 1a quy tic ngudi Trung Hoa cb dua ra.

85. Xét cac tam gidc dong dang AAKN va ANLF (hinh 35).

Ta d6 o : AR - NL A
KN LF h{K N
. F
» Xx—ND _ ND - FE
hay la = ~—— = 2= -4 B D E C

BD DE Hinh 35
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Do ds6 x = ND + (ND = FE)BD
DE

Cong thuc nay la co sd hinh thanh quy tic ¢8 dugc ngudi Trung
Hoa dua ra trong tai litu "gdc" la : "Lay chidu cao cdt trur di 7 tac
tdm nhin, dugc bao nhidu nhan véi 53 dam réi dem chia cho khoang
cach ti chd ding d&n cdt 12 3 dam. Sdu d6 thém vao thuong nay
chifu cao cla cot duge két qua la chiéu cao ciia ngon ndi".

86. Nha toan hoc Idn cia Trung Hoa vao th€ ki tha III 1a Luu
Hoa la téc gid cia nhiéu tac phdm toan hoc c6 gia tri, cing 1a ngudi
déng gép nhidu cho hinh hoc ing dung. Ong rit ndi tiéng trong viéc
giai nhiing bai toan xac dinh khoang cach, hoac xac dinh kich thudc
nhing vat khong ti€p can duge, ma ngay nay nhing bai toan ay duge
x8p vao mon tric dia hoc.

D6i véi bai toan nay, Luu Hoa da giai né theo quy tic dugc biéu .

dién bang hai cong thuc sau :

be te;y = bc

d+c d-c

X =

trong d6 x 1a chiéu cao cay thong, y la khoang cich tir cay sao ding
trudc dén ddi, a la chiéu cao cia mdi cay sdo, b 1a khoang cach gita
hai cay sho, ¢ 14 khoang cach tir diém nam sau sio thd nhit dén sdo
sao cho diém d6 thang hang véi dinh cay so va ngon cay, con d la
khoang cich ti difm nim sau sio thi hai d&n sio thy hai sao cho
diém @6 thang hang vdi dinh sio thu hai va ngon ciy (hinh vé 36).

Cing nén biét rang, nhiéu bai

toan khac cia Luu Hoa rdt phiuc tap.

Ong cho 10i giai cdc bai toan nay dudi

il:\ dang cac quy tic. chd y&u duya vao

R T TS vidc xét cdc tam giac dong dang. Do

_ _ gia tri ¥ng dung cao, cac bai todn nay

y kb d dugec phd bién rdong rai, khong chi &
Trung Hoa.
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AN PO

An P? la nudc c6 nén van minh 16n, rit da dang. Hang ngan
nam trudc Céng nguyén, & An Db, nguvi ta da bist xay dyng he
thong tudi tidu, cung cdp nudc cho thanh ph8, xay nha ting bang
gach nung. Ngudi An Do tir rat xa xua d3 ndm dugc nghé thuat lam
d6 gdm, phat trién nghé kim hoan. Rat nhiéu tri thuic trong cic linh
vyc ngdn ngd, thién van va ciac mdn khoa hoc khiac da duge tich ldy
tir thoi An Do o8 xua.

Cac nha bac hoc An Do da dat duge nhidu thanh tyu to 16n nhat
trong linh vuc toan hoc. Ho chinh la ngudi sidng lap ra moén s8 hoc
va dai s6 ma sau nay ngudi Hi Lap da k& thira va phat trién. Dang
ké nhit la vidc phat minh ra he dém thap phan gém 10 chd s6 An
Do, 06 ca s5 0 —~ theo tiéng An Do Ia "Xunhi", c6 nghia la "khoéng gi
ca". S6 khong dau tién duge ki hiéu 1 ddu chadm, sau nhiéu thé& ki
n6 bién thanh mét vong tron nho, nhu ngay nay. Khong ré trong
cic nha khoa hoc An Db ai la nguvi diu tien s dung he thap phan.
Nhung c6 nhiéu cin ci @8 cho ring he thap phan dugc phat minh
vao du thg ki I, mai d&n th& ki thd II thi s§ 0 mdi dugdc s dung.

Nhing nha toan hoc An Dd ndi ti€ng nhat 1a Ariapkhata (cudi
th& ki I); Bramagupta (th& ki thi VII) va Bkhascara (thé& ki XII).

Luu y : nhing chi din va 18i giai cac bai todn c8 An Do déu
dung cac ki hiéu ngay nay.

87. Bai toan nay lay ra ti cao ban Bakhosali, tim dugc vao nam
1881 khi khai quat & ving Bakhosali, thudc mién bic An Dd. N6 duge
viét trén vo cay bach duong vao khoang th& ki II hoac III sau CN.

Bai todn dugc giai baing quy tic "gia dinh", 1ap luan nhu sau :
Gia st &n sb bang 1, khi d6 ngudi d8u cing 1 (nén vang); ngudi thd
2 cing 2; ngudi thd 3 cing 6; ngudi thd 4 cing 24. Tong s& phan
cling 1é sé la 33. Bay git chia 123 cho 33 ta sé& c6 s8 phai tim — tic
la s6 nén vang ngudi thd nhat da cing.
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88. Theo di€u kién bai toan thi
n + 5 = x?
n-11 =y
Tit d6 rit ra x> —y? = 16 hay 16 = (x + y)(x — y)

|x+y=8
]x—y=2

Xty =
X—-y =
Véi he ) tacox = 5,y = 3, suy ran = 20.

1
Vay (I)  hoac 16 {dD

Vdihé(II)taoéx=~121,y=l§ dod6n=67:11-.
2

89. Bai toan dan t6i phuong trinh :

—];x+-1—x+3(~1—x—-—1—x> +1 = x
5 3 3 5

Giai ra x = 15. Vay dan ong ¢6 15 con ong

Bai todn nay cua nha toan hoc Sritdokhara s6ng vao khoang thé
ki VI — X. Ong la tdc gia cta nhidu bai toan ma sau nay dugc phd
bién rong rai.

90. Goi x la quang dudng cia mot thién thach da @i duge cho
dén khi hai thién thach gap nhau, th& thi théi gian di hét quang

duong d6 1a = . Khi d6 thién thach kia di dugc mdt quang dudng

Vi
Iad — x va di hét =X thsi gian. Ta c6 phuong trinh :
V3
x _d-x
Vi Vo
tr d6 x = I
vy + Vo

Bai toan nay lay tit mot cudn sich cia nha toan hoc An Do néi
ti€ng Ariapkhata. Ong chuyén viét sach vé toan hoc va thién van hoc.
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Ong da dua ra nhidu quy tic vé s6 hoc, dai s8, hinh hoc va lugng
gidc rit cin thiét cho nganh thién van ma trudc hét 1 bang s8 thien
van. Ong con la tdc gia cia nhidu bai todn hay, trong d6 c6 bai todn
nay va bai 91 sau day.

91. Néu cho n cic gia trj 1, 2, 3, ... thi ta c6 day s§ tam giac
tuong ung : 1, 3, 6, ... chi y rang tong cua 2 sd hang k& nhau cia
day s§ tam gidc bao gid cing 12 mdt s8 chinh phudng :

Tp-1+Th-2 = (n~1)>2

..................

Cong nhitng ding thic nay lai véi nhau ta cb :
Ta+2(Ty -1+ Tac2+ . +Ty)+Ty = n2+m—-1)2%+
+ ... +32+22=>

> Tp+2(Tp-1+tTa-2+ .. +T)+ Ty =

m+D@n+1
' 6

=n

> 2T, +Tp-1t+ - +Tg+Ty) = Ty + T, +

(n+1@n+1)
6 .

+n.

ViT1=lVé.Tn=£22l—l-)-nén

+T, = 1 n(n+ 1)2n + 1)+3n(n + 1)
6

Ty + Ty + ..

[\

- no+ 1)(n+2
Hay T, + T, + ... + T, 6( )
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92. Gia st ngudi thd nhit c6 s d6 vat la a va c6 sO tién la m,
con ngudi thd hai c6 s 36 vat la b va s§ tién 1a p. Khi d6 néu ta
goi x la gia tri cia mdt A6 vat thi ta sé c6 phuong trinh :

ax + m = bx + p,

td 46 it ra x =

93. Ki higu d la dudng kinh duong tron, ta cb :

nd? _ (13
4 15

s ¢ day gan 4,3%.

>2 (it 6 _ 276 _
6 suy ran = e hay 7 = 3,00(4) . Sai
22

Bai todn nay l1ay ra tit mot tdc phdm todn hoc — hinh hoc cd
An Dd "Sulva — Sutra" (tiic la "quy tdc sgi day thimg"). Cudn sich
12 ban chi dan dac biét v& xay dung cic ban thd cing, ¢ d6 ¢6 nhiéu
tu litu hinh hoc ung dung quy gia. Ngudi ta thay réng it nhit vao
th&€ ki thd VIII truéc Cong nguyén, cac nha bac hoc An Do da biét
dén dinh li binh phuong canh huyén (dinh 1i Pitago), tuc la trudc
Pitago kh4a lau. Trong "Sulva — Sutra" dinh li nay da dudc néu ra.
Chinh cudn siach nay da dua ra quy tic "Katiaina" (tam dich la quy
vudng) : "Chia dudng kinh dudng tron thanh 15 phan bang nhau, lay
13 phan, thi @6 chinh la canh hinh vudng c6 dién tich bang dién tich
hinh tron", c6 nghia la dé cap t6i bai todn ngudc véi bai todn "ciu
phuong dudng tron" cla cac nha bac hoc ¢d Hi Lap. Quy tic "Katiaina"
la ndi dung cua bai todn vita xét & trén.

94. Goi x la chleu cao cua c¢ay den bach lap, h 1a chiéu cao cua
cay gay, con a va b 1a 4o dai béng cua né
vé hai phia, d 1a khoang cach gita hai vj tri
cia cay gay d6 (hinh 37).

h|x h

Tu sy dong dang cua ciac tam giac ta

—_—— N —— — — ,
a d b co :
Hinh 37 '

x _ a+b+d

— —_———

x - h d
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suy ra x=h(a+b+d)=h(1+ d )
a+b

95. Can ching minh rang :
ac 2 \.
= BE , trong d6 BE la duong

B h
« ¢ kinh dudng tron ngoai ti€p (hinh 38).

Thay ngay A ADB v» A BCE

néenc:h = BE:a

A
E
tr @6 2¢ = BE .
h
Hinh 38
96. Goi D la duong kinh dudng tron, ta
A

can phai ching minh

2
AB” L 2 = D (hinh 39)
b

4a a |C
That vay : AC?2 = ab (1)
AB

AC = 5 (2) B
—~ a (3) Hinh 39

2 2
T (1), (2), (3) it ra % = a(D - a) hay LA% +a? = Da (4),

Chia ca 2 v& cia (4) cho a, ta c6 diéu cAn ching minh.

b =D

97. Ciang vdi gia thi€t va hinh vé cla bai todn 96, ta cin phai
ching minh : :

a = L(D - VD? - AB?) ; AB® = 4aD-4a’
2

D? - 4aD + 4a% = D2 — AB?,;

That vay : dé thay
(D - 2a)®> = D% — AB2

T day suy ra diéu phai ching minh.
107



SN ¢
"0, %o

98. Bkhascara - Acaria la nha toan hoc 16i lac An Do vao thé
ki XII. Ong sinh nam 1114. Acaria c6 nghia 1a ngudi thong thai. Bai
todn nay la mdt trong nhitng bai toan cta dng. Ong da giai né bang
phuong phap gia dinh.

Gia st s0 phai tim la 3. Khi d6 theo didu kién ddu bai thi
3Xx5 = 15, mdt phan 3 cta 1514 5. Do 15 — 5 = 10 nén dem

chia cho 10 ta duge 1, them vao l,é véicﬁa 3 ta nhan dugc :
3
1+1+34+3 217
2 4 4

S8 nay nho hon 68 ding 16 lan.
Do d6 sd phai tim la 3.16 = 48.

99. V10 + V24 + V40 + V60 =
=V2+3+5+2V2.3+2V2.5+2V3.5 =
= V2 +V3 +V5)2 = V2 +V3 + V5

Bai todn nay lay ra tit mdt cudn sich vé todn hoc cua Bkhascara
— Acaria.

100. Ta viét d6ng nhat thuc :

[(m? + n2)x)2 = [(m? - nH)x] + (2mnx)®

va ldy (m? + n?)x 1a do dai canh huyén, con (m? — n%)x va 2mnx la
d6 dai nhing canh géc vudng

Tu didu kién dau bai ta c6 :
(m2 + nz)x = mnxz(m2 - n2)

hay m“ + n

tu dé X =

mn(m? — n?)
T day d& dang tinh ra céc canh clia tam giac phai tim.
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101. Goi h la duong cao phai tinh,
d la khoang cach gita 2 cay tre, con x m
va y 1a cac doan & trén d (hinh 40). Quy

h
thc cta Bkhascara c6 thé duge md ta nhu = p >
sau : '

Hinh 40
ho= Jn o dng Ly = dn
m+n m-+n m+n

Didu nay mit ra mot cich dé dang ti nhing ding thuc hién
nhién sau :

m:g‘.ll:g.’x-'-y:d'

h y h x
102. Gia sit ngudi thd nhit c6 2x ~ 100 (rupi) (tién 8 An D),
cdon ngudi thd hai c6 x + 100 (rupi). Khi 46 diéu kién cha bai todn
sé dugc thoa man.

Tu diéu kién that hai cia bai toin ta cb :
6(2x -~ 110) = x + 110
Giai phuong trinh nay, nit ra x = 70.

Vay ngudsi thi nhit c6 40 (rupi),
ngudi thi hai c¢6 170 (rupi).

103. Nhan hai v& cla phuong trinh vdi 4a (a # 0) ta c6 :
4a%? + 4abx = dac
Sau d6 them b? vao hai v& cla déng thic :

4a%x? + 4abx + bZ = b® + 4dac

Suy ra 2ax + b = Vb? + 4ac

- 2
Tu day ta o6 x = > T VP~ + 4ac
%a

Con ddi v6i gid tri &m clia nghidém thi Bkhascara nhin xét rang
“con ngudi khong thich thd g cac s§ am triru tuong” !
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104. Gia sit dan ong c6 2x* con, ta c6 phudng trinh :

2x2 = x+ﬁx2+2

9

hay 2x2 - 9x = 18 ,

tr dé x = 6va2x® = 72 .

105. Goi s0 phai tim la x, ta ¢ phuong trinh sau :

x3 + 12x = 6x2 + 35 (%)

hay x>+ 12x — 6x2 = 35, trit 8 vao 2 v& :
X+ 12x —6x2 -8 = 27; (x-2)% = 27

Dodéx — 2 =3 ; Vay x = 5.

Thyc ra phuong trinh (*) con cho hai nghiém ao nita, nhung
Bkhascara khong xét dén.

Ngoai ra phuong trinh (*) c6 thé duge bién d8i @8 trd thanh
(x — 5)(x2 -x + 7) 0,

Tu day cang mit ra dugc x = 5, nghiém 40 nit ra tit phuong
trinh x2 — x+7 = 0 .

106. x* — 2x%2 — 400x = 9999
& x* — 11x3 + 11x3 - 121x% + 119x% — 1309x + 909x — 9999=0
& x3(x ~ 11) + 11x%(x — 11) + 119%(x — 11) + 909(x — 11) = 0

& (x — 11)x® + 11x2 + 119x + 909) = 0

Tu day nhan dugc 2 phuong trinh :

x — 11 = 0 va x>+ 11x% + 119x + 909 = 0

Giai phuong trinh ddu, ta ¢6 x = 11, 1A nghiem ma Bkhascara
da chi ra. Nhitng nghiém cia phuong trinh thyt hai la phuong trinh
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bac ba, Bkhascara khong xét dén. Bay gio ta tim nghiém cia phuong
trinh thi hai nay :
x3+ 11x2+ 119x + 909 = 0

@ x34+9x%+2x%+ 18x + 101x + 909 = 0

@ x%(x+9)+2x(x +9)+ 101(x+9) = 0

@ (x+9)xZ+2x+101) = 0

Tu day ta nhan duge x = —9 va hai nghiém ao nda.

107. Goi d 1a do dai dudng kinh CD, a la day cung day AB cta
vién phan, x 1a chiéu cao CE phai tim (hinh 41) thi :

2

& = x(d-x) = xd - x2
4
C
2
hay x2 — xd + & = 0 A/;\
4 alE B
VaZ _ 2 4\
2
% _d+Vd§-—a2_
1 — »
2 D
2 2
o = 3-Vd —a” Hinh 41
2

108. Phuong trinh da cho tuong dudng véi phudng trinh :
{x — b}y — a) = ab + ¢
Dé x, y hitu ti, cAn dat x = b + n khi @6 :

ab + ¢
n

y = a+

109. Céc nha toan hoc An Po da st dung phuong phap suy luan
ddc dao, dugc ap dung rdng rai goi la "quy tic dao" hay "quy téc
ngugc”. Thuc chit cia suy luAn nay Ja néu cin tim mot s6 ma sau
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khi thuc hién moét loat cac phép tinh s& din tdi mot s0 da biét thi
t¥ s6 46 thuc hién theo trinh tu nguge lai vdi phép tinh ngugc.

Ching han véi bai toan nay, bat ddu tir s6 2, thuc hién céc phép
toan ngugc theo thi ty ngugc lai :

(2.10 — 8)2+52 = 196 ;

Vio6 = 14;14.?1.7.% =84;8 :3 =28
2

Vay s6 phai tim la 28.

110. Ki hi¢u s6 khi la x, (x > 0), bai todn din dén giai phuong
trinh :

§i+0.x+12=0.x2+x+0
64
Riit gon ta c6 x> — 64x = — 768
them bat 322 :
x2 — 64x + 322 = — 768 + 1024
hay (x — 32)2 = 162

x —32 ==+ 16
Vay x = 48 v x = 16 d8u la nghiém.
111. Bai todn dan dén giai phuong trinh :
\ 2
(5 - 3) +1 =x
5
Giai ra c6 nghiém la x; = 50 vaxg = 5.
Bkhascara nhan xét rang %.5 ~3 1a s6 am nén ta chi lay
nghiéem x = 50.

112. Theo d3u bai, néu goi x lA s§ mii tén thi ta cb :

X4 4/x +6+3+1 = x
2
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dan dén phuong trinh x2 ~ 104x + 400 = 0

tir do x = 52 + V522 — 400
hay x = 52 * 48

Nhu vay c6 hai nghiém la : x, = 100;x, = 4 .

Nhung theo di€u kién cta bai toan chi c6 nghiém x, la chap
nhan dugc.

113. Bai toan dan téi giai phuong trinh :

X = 10\/;+lx+6
8

trong d6 x la s0 séu cua dan séu.

Dat u = Vx sé c6 mdt phuong trinh bac hai :
Tu? - 80u — 48 = 0

St dung cdng thuc cua Bkhascara, tim duge

80 + V6400 + 1344
14

Con nghiém thu hai, Bkhascara
khong lay vi dng véi gia tri Am cla
u, hon nda x khong nguyén, khong
phu hop véi thuc té.

114. Baji toan c6 thé dudc mbd
ta bang hinh vé 42 :

BC = L (thuéc); BD = 2 (thuée),
P
Ta phai xdc dinh AB, goi ta x. Tt d6
dan d&n phuong trinh :

Hinh 42
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/ | 2
(x+ l) = x2+ 22
Y 2/
Tir day dén t6i x + 1 = 4 do d6 x = 33 (thudc)
4 4

Tré I6i - hé sau 35 thudc.
4

115. Bai toan dugc md té bang hinh vé 43 : cay duong bi gay
& diém C véi AC = 3 (thudo),

B _ .
R Ry AB = AC + CD
LN e
2 U = AC + VAC® + AD
“*m.“ﬁ' =3+V9+16 = 3+5
C

= 8 (thuédec)

Vay cay duong cao 8 thudc.

T i = 116. Theo "quy tAc dao", bit dau
& tu s 4, ta ¢b :
: &
i Vi =2;2+1=38,;32=09
Hinh 43 9-6=3;35=15;

15:3 =5
Vay s0 phai tim la 5.
Quy tic nay dugc sit dung rong rai, khong chi & An P ma con
dugc dung & vuong qudc A Rap va sau d6 & chau Au.

117. Hay dung ki hiéu ngay nay dé xem nguti An Do ¢ giai
phuong trinh Pell nhu th€ ndo. Truéc tien dung cac sdo bat ki
X1 5 Yy X9, Yo dé xac dinh cac so b, , b, sao cho céc ding thuc sau
duge thoa man :

2

2 —_ .2
aX2+b2 = y2.

tid



2

hay y‘l-ax = b_;

= b

NN = N

Vg — ax
Ro6i nhan hai phuong trinh nay véi nhau :
2
(ax,xy + y,1¥,)" — alx,y, + x2y1)2 = byb, .

Sau khi dat x, = x,;y, = y; thib, = b, , dan d&n phuong
trinh :

Chia 2 v& cho b‘? :

2 2
a(,2x1y1)2+1 _ (axl-!—yl)z
bl bl
2x ax2+ 2
T d6 X = 1y1;y=%1 71
bl bl

Nhu vay cac nha bac hoc An Do thu duge nghiém hiu ti thoa
méan phuong trinh Pell. Bang cach cho x;,y; nhing gia tri tuy y,
doi khi ho cing thu duge nghiéem nguyén duong.

118. Can ching minh : a2+ b2 = D2vac?+d% = D? trong
d6 D la duong kinh duong tron ngoai tiép
td giac (hinh 44). T xua, theo Acsimet

thi m? + n? + p2 + q2 = D2, theo dinh li
Pitago thi : P
m2+p2 — a2;112_'_(212 — b2 m n

C b
tud d6 suy ra a’ + b2 = D? . \/

Tuong tu suy ra c?+d? = D?. _
Hinh 44
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119. Giai nhing phuong trinh bac hai nay bang ciach thong
thudng, ta nhan dugc :
hx, =0 ;x, =8
2)%x;, =6 ;x%x, = —6
x, =7 ;% =3
4)x) = 24 ; x9 = ~12
9
9) Xy = 9 ; Xg = =
! 4

6)x1=12;x

il
I
—
©

Nhiing bai toan nay ldy ra tr cubn sach "Dai s6 " cua
AN KHOREDOMI, nha toin hoc 16i lac, nguoi Uddbéch, ¢ vao déau
thé ki IX. Ong la tac gia cua nhiéu téc pham toén hoc ndi tiéng, nhat
la hai cudn sGch : mot vé dai s6 — trong do chita nhitng bai todan nay
va moét vé sb hoc. Nhitng cudn sach nay cua dong dwoe dung nhw sach
gido khoa cd vé dai sb.

120. Gia st da cho AABC can théa man dé bai, ta tinh duong
cao AK cua né (hinh 45) :
AK = V100 -36 = 8

Dé thidy AABC —~ AADE nén ta c6 :
3

'3
: \ S , trong d6 x la canh hinh
8 — x 8

Bl n TS vudong phai tim.
Hinh 45

o 4
Vay x 4= .
5

121. AN KHOREDOMI da giai bai toan nay bang phuong phap
"gia thiét tam" hai lan :

Ho6



‘Gia sir s§ phai tim la 12, khi @6 s8 du s& la 5, thay vi 8 nhu
gia thiét da cho, tic 1a it hon 3 so vdi s8 da cho. Lai gia s& s8 phai
tim 12 24, khi d6 s6 du sé 1a 10, tdc 1A nhidu hon 2 so véi 8 1a s8
da cho.

Vay s6 phai tim }a :

= 3.24+12.2 _ 141
5

3+ 2
122. Goi sd phai tim la M.

Giast M = 9n + 1 (n la s6 ty nhién)

M2 = 81n®+18n+1 = 9k + 1

Tuong ty gia st M = 9n + 8

M2 = 8In% + 144n + 64 = 9K’ + 1

D6 chinh la diéu phai chding minh.

AVIS ENNA la nha bac hoc nguoi Tatdic, sinh nam. 980, mat
nam 1037. Ong cé6 nhiéu céng hién cho khoa hoc. Ong ludn tin vao
stzec manh cua li tri, chong lai tw twong thén hoc. Sach cua dng con
diuoc luu giw ¢ thu vién Laydon — Anh quéc.

123. AN CAROKHI lap luan nhu sau : theo dau bai thi

x(8+ V5) = 1 (%)

hay 3x + xV5 = 1

Tu d6 3x + V6x2 = 1 ; hay V5x® = 1 — 3x

Binh phuong hai v& ciia phuong trinh : 5x% = (1 — 3x)®

T dé : 4x°—-6x+1 = 0 ;

3+V5
4

Gidi rataco x =

3-V5
4

Cudi cung s phai tim la : x =

iz



Bai nay c6 thé giai bang phép truc can thuc d méu s6, rat din
gian : tu (*) ta ¢b

1 3-vV5 _3-vV5

3+v5 (3+VE)3-V5) 4

X =

AN CAROKHI la nha toan hoc trung A vao thé ki XI. Ong da
viét nhiéu sach toan, ngay nay con luu gi# duoc hai cudn, mot vé so
hoc va mot vé dai so.

124. Lap luan cia AN CAROKHI nhu sau :

T phuong trinh cudi rit ray = 10
X

b/

thay vao phuong trinh thd hai : z = 100

x3

Vay, tit phuong trinh diu suy ra :

2 4 100 _ 10000

X2 x6

hay x® + 100x* — 10000 = 0
Suy ra x* = —50 + V12500

Do d6 x = \/\N12500-—50

125. Goi x la chiéu rdong cia hinh chi nhat, khi d6 chiéu dai
la 2x, dién tich sé la 2x% , cdon chu vi la 6x. Ta c6 phuong trinh :
2x% = 6x

Tu day suy ra x = 3.

Vay dién tich hinh chi nhat phai tim 14 18 (don vi dién tich).

126. bat 1

X

z , dan t6i phuong trinh :

z2+22 = é
4
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@@+ =2

4

>z41=+3

2
1 5
=>zl=_;22=—_.
2 2
Dod6x1=2;x2=—-2-.
5

Téc gia bai toén la nha bac hoc, toan hoc, nha tho va nha triét
hoc nguvi Tatdic OMA KHAIAM (1040 - 1123). Ong la nguoi déu
tién duta ra cac phuong phdp giai phiong trinh bac 3 — tién dé cua
viéc t'ng dung dai sd vao hinh hoc.

127. Goi x la phan nho, khi d6 phan 16n s& la x + 5. Theo bai
ra ta c6 phuong trinh :
2x +5 = 10

Do d6 x

2% , con phan lén bang LN
2

Téc gia bai toan nay la nha toan hoc Iran, ¢ thé ki XVI ten la
BEGA ETDIN.

128. Goi 10 — x 1a modt s (mdt phan) thi so kia (phan con lai)
sé 1a 10 + x. Theo diéu kién dat ra ta co :

100 — x* = 96

Tu day x = 2.

Do d6 phdn 16n sé 1a 10 + 2 = 12. .

Tra loi : Daida nhan phan thudng c6 gia tri 1a 12.

129. Xét tam giac thinh 46) ta ¢6 :

=x+h; x(R=r) = rh; x =

= |®

Rh
R-r

Dodox+h =
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130. Giai bang "quy tic dao" cia toin c8 An Do :
Bat dau ti s6 50 :

50:10=5; 5.5 =25, 25 — 3 = 22 ;
22 :2 =11, 11-2=9; V9 = 3.

Vay s0 phai tim la 3.

131. Nhan xét : tuong ty nhu bai todAn HOA SEN cia toan cb
' An DPo. Tit tam gidc vudbng BED (hinh 47),
Lo

ta nhan dudgc : :
x

(1-:—3)2+52 = x?
Hinh 47 X

)

x2—6x +9+25 = x>
Giai phuong trinh nay nit ra

bmy
:>

i

52 (khuju tay)
3

AN CASI la nha toén hoc Iran (cudi thé ki XIV). Ong con la bac
si gioi, timg chi huy dai thién van lon & Xamarocan. Ong da dua ra
cach tinh gén ding sé 7 , véi 17 s6 thip phan, diéu nay lam cho cac
nha toan hoc duong dai phai kinh ngac.

132. Ching minh bang phttdng'phép quy nap toian hoc
1) Pang thic AN CASI ding véi n = 1. Thyc vay :

1= Ll@Ee+15+10-1);1 = 1
30

2) Gia st dang thic AN CASI ding véi n = k, tic la

14+ 2t + 304+ Kt = 516(6k5+15k4+10k3—k).

3) Ta phai chung minh ding thic AN CASI ciing ding vdi
n=k+ 1:
14+2%+ 1K+ (k+1)t =
= _1-[ 6(k+1)5+15(k+1)4+10(k+1)3-—(k+1)] (1)
30
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Theo gia thiét quy nap thi :

14424+ +k*+(k+1)! = “9:16 (6k°+ 15K+ 10k3—k)+(k+1)*  (2)

Cén chung minh v& phai cia (1) va (2) bang nhau,

51_ (6k5+ 15k*+ 10k® k) + (k+1)* =
0

=1 [6(k+1)5+15(k+1)4+10(k+1)3-(k+1)] *
30

¢ 6k® + 15k* + 10k% - k + 30(k + 1)* =
=6k+1DP+15(k+ )+ 10k+ 1) —(k+1) @
& 6kP+15k*+10k3+1 = 6(k+1)°—15(k+1)*+10(k+1)3
< 6k5+15k*+10k3+1 = 6k%+15k*+10Kk3+1 .

Nhu vay déng thic AN CASI ding vdin = k + 1
Do d6 n6 ding véi moi s6 ty nhign n =2 1.

133. Giai bang phuong phap "gia thiét tam" hai lan.

Diu tién gid s x = 6 (x la s§ phai tim), d4n d&n sai s6 14 53
tphan thua ra). Sau d6 gid st x = 1, dan d&n sai s0 1a 12 (phan
thiéu), tu dé

_ 53.1+126 _ ;12

— —

53+12 13

134. C6 thé giai bang phudng phap cua bai 133. Lic dau gia sit
x = 12, khi d6 sai s8 1a 14 (phén thi&u). Bay git gid s& x = 24, khi
d6 sai s§ 1a.7 (phn thua). Do d6 :

Lo 1424702 _ o0

14-7
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135. Sau 12 nam thi ngudi thg thd nhat dung dugc 12°ngdi
nha, ngudi thg thd hai dung dugc 6 ngdi nha, ngusi thg thd ba
dung dugc 4 ngdi nha va ngusi thg thd tu dung duge 3 ngdi nha.
Do v3y sau 12 nam né&u cung lam thi cd 4 nguti thg dung dugc
12 + 6 + 4 + 3 = 25 ngdi nha.

Nhu vay dé dyng xong mot ngdi nha, ca 4 thg cung nhau lam
phai mat :
365 x 12
25

= 1751 (ngay) .
5

136. Sau 1 git sy t&r an h&t 1 con cltu, s6i an hét 1 con cuiu
2

va ché an hét L con ciru . Wi vy sau 1 gio, ca 3 con cung an thi
3

hét 1+ L+ 1 = 1—5-(concfru). Do d6 ca ba con cung an 1 con ciru
3

1
2 6

thi h&t & (gity).
11

137. Tac gia bai toan cho dap s6 la 721 qua tring. Thuc ra ta
con chi ra rang s8 tring it nhat la 49 qua. R5 rang tac gia chua c6
hiéu bigt v& boi s6 chung nho nhat. (Bai toan nay lay ti di céo toin .
hoc Nga th& ki XVII).

138. Luu y rang 1 antun = 3 cdpéc, 1 denghi =

1 rup = 100 copéc. Tat ca ddi ra copec.

Pap sé6 : SO cliru gia la 100 con, s6 citu non la 12 con, gia 1
cuu gia la 46 copéc, 1 cuu non la 30 copéc, kém gia 1 citu gia 16
copec. Gia s tat ca la cuu non thi s6 tién phai tra la :

112 x 30 = 3360 (cdpéc)
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Nhung s0 tién thuc tra la 4960 copéc. Vay dai ra
4960 — 3360 = 1600 (cdpec)

Lay 1600, chia cho 16 ta c6 s8 ciru gia.

Déay la ldi gidi cua Matnhitxki, léy ra trong cudn "S8 hoc" cua
ong. Leonchi Filippdvic. Matnhixki (1669 — 1739) la gio su toan
hoc Trudng khoa hoc toan va hang hai & Maxcova do Pidt dai dé
thanh l@p nam 1701. Cudn "S6 hoc" cua dng xult ban nam 1703, duoc
xem nhw cudn sach giGo khoa déu tién vé sb hoc & Nga. Cudn sdch
nay nhiw cudn Béach khoa toan thu vé toén So cdp. Puong thdi, nha
bac hoc Nga M.V. Lomdnoxdp dénh gia rét cao cudn sdeh nay. Cudn
stch dwge diing phd bién trong cac trudng phd thong cho dén giita
thé ki XVIII,

139. Giai theo quy thc "gia thiét tam" hai lan.

Trudc tién, gia st s6 hoc sinh 1 24, khi d6 theo didu kien diu
bai, suy ra tong s6 1a 24 + 24 + 12 + 6 + 1 = 67 (hoc sinh). Nhu
vay 8o v6i diéu kién dau bai, thitu 100 — 67 = 33 (hoc sinh).

Bay git gid s s0 hoc sinh la 32, suy ra téng s6 Ia

32 + 32 + 16 + 8 + 1 = 89 (hoc sinh). Nhu vay so vii diéu kién

dau bai thi thidu 100 — 83 = 11 (hoc sinh).

33.32-24 .11
33 - 11

Vay s0 hoc sinh la

= 36 (hoc sinh)

140. Pap s6 : 225.
141. Hgp sé . 325 asin.
142. D4p sé : 44.

143. Dap sé6 . 40.

144 935 s6 458% .

145. Dap sé : 8 ngay.
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146. Dap s6 : So tién lai budn phai tra 1a :
41943 rup va 33 copec.
4
147. Dap sé : Sau 12 giv ; 30 ; 27 ; 24 bao.
148. Luu y 1 bd = L asin, do vay chu vi ddy la 60 asin, dudng
2

sinh hinh nén la 16 asin.

Dién tich xung quanh cia mai nha hinh nén la :

60 .16
2

= 480 (asin binh phuong).

Vay s& ni can thidt 1a : 480 : 21 = 192 (asin)
2

So tién phai tra la : 192 . 2 = 384 (rup)

149. Goi s phai tim la x, theo d4au bai ta c6 :

x =2q; + 1; x =3q; + 2;

x = 4q3 + 3 ; x = 5q4 + 4.
Dods:x +1=2(qy + 1) x+1=23(qy + 1)

x+1=4(gqgg + 1) Xx + 1 =05(qq + 1)

Do vay x + 1 chia hét cho 2, cho 3, cho 4, cho 5.

Do d6x + 1 1abdi cta 3 ; 4 ; 5, va bdi chung nho nhat sé 1a 60.

Vay s6 x nho nhat phai tim la 59.

Bai toan nay c6 vd sd nghiém.

150. Gia st ngay ma anh ta nghi d&n la x. Khi d6 ngudi doan
sé dé nghi nhu sau :

1) x . 2 = 2x

2)2x + 5

3) 2x + 5) .5 = 10x + 25

4) (10x + 25) . 10 = 100x + 250
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T s6 nay, ngudi doan tri di 250 s& c6 100x. Bigt 100x, dé dang
chi ra x.

Ta thit kiém tra quy thc nay clta Magnhiski, qua mot vi du cy
the : Gia st ngay nghi dén la ngay thu 6 cta tudn, tic la x = 6 :

1) 2x = 12

2i 2x + 5 = 17

3 2x +5 .5=17.5 = 85

4) 100x + 250 = 85 . 10 = 850

5 100x + 250 — 250 = 850 — 250 = 600

100x = 600

Vay x = 6.
151, Ddp s6 - 91~ .
37
153. Dap s6 : 18 ; 6.
154. Trong mdt ngay chong dung hét —-12 thing nudc. Néu hai
1
vg chdong dung chung thi hét 1 thung nudc trong 1 ngay.
10

Nhu vay trong 1 ngay vg dung hét :

1.1 _ 1 (thing nudc)

10 14 35
Vay ngudi vg dung 1 thung nudc trong vdong 35 ngay.

155. Sau 1 nam, ngudi thg phai nhan dudc 12 rup va chi€c ao
khodc (tién édng). Vay sau 1 thang anh ta phai nhan dugc

1 rup va 1 gia tri chiéc do0%khodc (tién cdng); sau 7 thang sé nhan
12

dugc 7 rip va - gi4 trj chifc o khoac.
12
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Nhung do nhan dugc 5 rup va chiéc 40 khoiac nén S gia tri
12
cua chi€c so0 bang 2 rup. Vay chiéc d0 khoac c6 gia tri la :
2.9 - 4i (rup).
12 5

156. Gonbach dua ra ménh dé nay nam 1742 trong mét buc

thu gii Ole. Dé chiing minh né, Ule dung déng nhit thuc :
4n* +1 = (2n% + 2n + 1)(2n® - 2n + 1)

Tit 46 dé thidy rang véi n = 1 s8 da cho la 5, con véi nhing
gia tri khac cta n thi 4n* + 1 ludn 1a hgp sb.

Khonxtian Gonbach (1690 - 1764) la nha toan hoc. Nam 1725 ong
la vién si Vién han lam Khoa hoc St. Petecbua. Ong thuong xuyén trao
doi thuw tir véi Ole sudt 30 nam troi vé nhitng vin dé toan hoc. Nhitng
cong trinh toén hoc cua dong lién quan dén phuwong trinh vi phan.

157. D€ lap tong S cia nhing phan sd c6 dang da cho ta cho
m, n chay tit 1 dén « . Khi dé6 :

S = fi+i+i+_..‘)+(l—+i+_1—+...)+ -1-+_1_+_1_+...)+...;

\

‘92 93 o9¢ 7~ g2 g3 gb 42 43 4*
1
2
111, =20 -1
22 23 2t -1 1.2
2
1
: 2
l+—1—+i-+“,= 3 = 1
32 g3 g4 1 2.3
1 -—
3
1
2
42 43 44 l—l 3.4
4

..........
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1 2 2.3 3.4 n(n+1)
Kihiéu:Sn= 1 + 1 + ...+ 1
1.2 2 3 n(n+1)

1 ‘1 1 1 1
S = l-—= )+ ({(=—=)+... .+ {——~—-—-

n+1
DodsS = lim S = 1

n~-> x

158-159. Nita dau thé ki XVIII, trong thu gui Jle vién si Gonbach
da dua ra moét ménh dé, ngay nay gei 13 "bai toan Gbnbach", phit
bidu nhu sau : "Moi s& 1é bat ki I6n hon 5 d8u c6 thé bidu dién duge
duéi dang téng clia ba s nguyén td".

Gonbach da chi ra cdc vi du cy thé, nhing s 1é théa man ménh
d& nay, nhung khong ching minh duge véi mot s3 Ié bét ki. Con Ole
tra 18i ring ménh dé cua Gonbach 14 ding nhung &ng ta khong thé
dua ra dugc 10i giai chat ché. Vé phan minh Ole cing dua ra mot ménh
dé khac, goi 1a "Bai toan Ole”, phat bidu nhu sau : "Mbi s chin lén
hon hay bang 4 ¢6 thé biéu dién duge dudi dang tong cua hai s& nguyen
t6", va ca ménh dé nay ang ta cing khong chung minh duge.

Ta nhan thiy rang, ndu giai dugc "bai toan Ole" thi c6 thé giai
duge "bai toin Gdnbach”. That vy moi sd 1é 16n hon 5 déu viét duge
dudi dang 2N + 1 = 3 + 2(Npy 1) v6i 2(N-1) =24 .

Néu "bai toan Ole" diing thi s8 chdn 2(N ~ 1) ludn viét duge
dudi dang tdng cia hai s3 nguydn t5, do vay ma s§ 1é
2N + 1 viét dudgc dudi dang tdng cua ba s§ nguyén 3, vily "bai toan
Gonbach® dung. Nhung néu "bai toan Génbach” ding thi tir d6 chua
thé suy ra sy ding din cia "bai toan (le” dugc. Nhu vay, "bai toan
Ole" kh6 hon "bai todn Gonbach” nhiéu, diéu nay da dugc khing dinh
vé sau.
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Gan 200 nam, "bai toan Gonbach" vAn khong giai dugc, cho dén
nam 1930, nha toan hoc Nga — Xoéviét tre 1a L.G. Snhirenman (1905
— 1938) méi chi ra duge con dusng di ding dan tdi 10i giai "bai toan
Gonbach". |

Dinh li Snhirenman do dng dua ra : ton tai mdt hang s6 k sao
cho moi s8 tu nhién 16n hon 1 ¢6 thé biéu dién dudi dang tong khong
qua k s nguyén td, tuc la véi moi s6 tu nhien N (N > 1) thi :
N = p, +p,+ ..+p,, trong d6 p, la sd nguyén tg, hodc s3 0 ;

i=1 2 .,k

Né&u nhu ching minh duge rang k = 3 thi "bai toan Génbach”
dugc giai quydt. Bing cd ging clia cdc nha toan hoc, hang s8 k da
dugc chi ra bang 67, sau @6 la k = 20.

Nam 1937, nha toan hoc Nga Xoviét 1.M.Vindgradop da ching
minh dudc "bai todn Gonbach” véi s6 1& kha 16n, tic 1a ménh dé "moi
s8 1& bat ddu tir modt s6 kha 16n la tdng cia ba s6 nguyén td8" dugc
ching minh. S8 & kha 16n la bao nhiéu ? Tuc la s6 lé hon s6 N

ndo d6. Vién si Bordtkin da chi ra duge s6 N, 2 el6038 o =2 7182...

Phuong phap cua Vinadgradop giai dugc "bai toan Gonbach” nhung
van chua 44 d& giai "bai toan Cle".

'Té6i nay ngay ci "bai toan Goénbach" véi nhing s§ chin va "bai
toan Ole" vAn chua giai duge (chinh Génbach cing khong dat ra bai
todn nay), mac diu dinh li Vindgradop da chi ra mot s6 chan tuong
dsi 16n la tdng clia 4 s nguyén t8.

160. Bai todn nay do OLE dua ra vao nam 1750 va sau 46 ong
gidi luon né. Theo 1di giai nay viec di modt lugt qua tit cAd 7 cAy chu
la khong thé dugc. Bai tojn ciua Ole tuong

duong vdi bai toan vé mot nét ¢ hinh 48.

6_—\ L. Ole (1707 - 1783) la mot nha toan hoc

vi dai, ban than cua Ldomondxdp. Ong sinh ¢
Baden, Thuy Si. Ong timg la hoc tro cia Idhan
Becnuli. Ong da viét tdit ca 865 cong trinh
Hinh 48 khoa hoc dac sdc, dé lai nhiéu dau dn trong

128



cac linh vye todn cao clp, sd clp, co hoc, thién van hoe. Ong séng ¢
Nga khoang 30 nam, la vién st cua Vién han lam khoa hoc St.Petecbua,
ong mat ngay 7 thtng 9 nam 1783 ¢ Nga.

161. C6 thé gidi bai toan nay modt cach sic sio va thdng minh
nhit nhu sau : Gid si ngudi ndng dan thi hai c6 s§ tring gip m
l4n s8 tring cua nguti thd nhat. Vi hai ngudi ban tring thu duge
cung mot sd tién nhu nhau nén ngudi thi nhat phai ban dit hon
ngudi thd hai m lan. N&u trudc khi ban, ho d3i s8 tring cho nhau
thi ngudi thd nhit c6 s8 tring gidp m ldn s8 tring clia ngudi thd
hai, ban dit hon m 18n nén s& thu duge s& tién gdp m? 1An ngudi
thid hai. Tu 46 :

dod6m = 2
2

Chia 100 qua tring theo ti 12 3 : 2 ta tim dugc ngudi thd nhit
cé6 40 qua tring, ngudti thu hai c6 60 qua tring.

Bang phuong phip dai s5, ta c¢6 thé giai dugc bai toan nay. Goi
x A s§ tring cia nguti thd nhit. thé thi nguvi tha hai ¢6 100 — x

(qua tring). Nguoi thd nhit ban tring véi gia 10;5 (dong / qua)
-xX

con ngudi thit hai ban tring véi gis 62 : x = :-‘;-9 (@éng / qud). Vi sB
3 >
tién thu dugc bang nhau, ta ¢6 phuong trinh :

15x  _ 20(100—x)

100—x 3x
Giai phuong trinh nay c¢6 x;, = 40 , x, = —200 (loai).

Ta cing tim dugc két qua trén.

163. Gia sit ABC la mot tam gidc tdy y, goi P, K, R lan lugt
la trung diém ciia CB, CA, AB. Goi H Ja tryc tam, M la trong tam
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va O la tam dudng tron ngoai tidp chia tam gidc ABC. Ta phai ching
minh H, M, O thing hang.

D& thay APKR va AABC ddng dang, ti s3 dong dang
=1l M trong tam cia APKR vi cdc trung tuy@n cda né cing
9 :

la cac trung tuydn cua AABC . N&i M véi O va véi H :
AROM v ACHM véi ti s6 dong dang k = 1 (vi ching dugc tao ra
2

bdi cac dudng tuong dng trong hai tam giac dong dang APKR va
AABC). Ti d6 suy ra RMO = CMH , mat khac C, M, R thing
hang nén RMO va CMH trd thanh hai géc d@6i dinh. Do do O, M,
H thang hang (hinh 49).

Bai toan nay lan
ddu tién dugc Ole giai
nam 1765. Luu y rang
/ c6 thé giai ngin gon
: / H : hon nho tinh déng dang
phdi canh cia hai tam

M giac PKR va ABC vdéi
- \9 tam dong dang M. Khi
A B 46 H sé la anh cta O
. qua phép dong dang
Hinh 49 nay, vi vdy O, M, H
thang hang.

164. 2x3 + 141 = 100 ; x3 = 343 7

4 8 2
167. bap sé : 420.
168. Dép sé6 : 15 phiit.

169. Chi dan :
Mot phan ruéi cia hai phan ruadi = 1,56 . 25.
Ba phan rudi ctia bdn phan rugi = 3,5 . 4,5.
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Sau phdn rugi cia tdm phén rusi = 6,5 . 8,5.
Pép s8': 232 rup 5 cdpéc.

171. Dap s6: 93 3 copec.
4

172. bép s6 : 5; 7L va 121 copec.
2 2

174. Goiy: 4.3+ 1.3 = 135 (cdpdc).
2
12 gia tién cta ca hai chiéc ma.
Dap s6 : 11 ; 51 copéc
2 4
175. Dap s6 : 16.
176. Bép s6': 7 gis 30 phut.
177. Bi mat khoi cin binh ludn, né duge thdy rd tir cdng thuc:
[(x + 25+ 125~ 37— x)5]: 2 = 282-;- .

Du nghi ra s§ nao thi cing phai tri di né trong day phép tinh
dé danh lac huéng nguti chai !

178. Ldi giai cia V.G. BENHEDIKTOPY

"Bai tosn riit hay. Céc cd con gai trén dudng d&én chg da thdng
nhit véi nhau : DPiu tidn ban tring theo 7, thay vi theo chuc, tic la
ban 7 qua modt véi gia 1 antun. Sau khi ban hét céic "bay" &6, s8
tring mdi ngudi con lai it hon 7 qua sé dugc ban theo gid 3 antun
mdt qua. V@i cach ban tring nhu vay sé thoa duge diéu kién ba me
dat ra®.

Dén chg, cd it ban cho 7 ngudi, mbi ngudi 7 qua va thu dugc 7
antun, cbn lai 1 qua trdng. Cd em thi hai ban cho 4 ngudi, mbi ngudi

(1) V.G. Bénhediktdp (1807 - 1873), mét nha thd Nga nhung cling rit hadm
mé toén hoc.
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7 qua thi dugc 4 antun, con lai 2 qua. Chj ca ban 7 qua thu duge 1
antun, con lai 3 qua. Sau d6 ho thay ddi giabancial + 2 + 3 = 6
{qua tring) con lai véi gia 3 antun 1 qua va thu dugc 6 X 3 = 18
(antun). Nhu vay mbdi ngudi déu ban hét tring va déu ban dugc 10
antun.

179. Dap s6 : Theo vong tron.

180. L.N. Tonstdi giai nhu sau : "Pdi v6i manh 16n thi néu ca
nhém cit nda ngay va nia nhém cit nida ngay nia méi xong thi cb
nghia 1a trong nia ngay nia nhém cat dugc -é' manh. Vi thé phan

con lai mot it § manh nhd d&n cudi nghy chua cit xong sé la

1 _ 1.1 Né&u 1 ngudi cit trong 1 ngay dugce é manh, s8 phin

2 3 6
duge cAt trong 1 ngay 13 & + 2 = 8 thi 6 the Ia 8",
6 6 6
1 D& cho ro hon, ta dua ra hinh vé bén
5 (hinh 50)
1 Loi giai dai s nhu sau :
3 1
6 Goi x 1a s0 thg, y 1a s§ phin clia manh
_;_ é [6n ma 1 nguoi cat duge trong 1 ngay (&
day y chi 1a 4n s8 phu thdi).
Hinb 50

Khi d6 dién tich cia manh lén la

X 4 XY o 3Ky , dién tich manh nho la 2 +y = xyt+4y
2 4 4 4 4

Vi manh 1dn gap d6i manh vhé, cho nén :

4 4
hay __.3&_ = 92 _'33__ =
Xy + 4y x+4

132



T 46 suy ra x = 8.

Dap 6 : 8.

181. Bai toan dugc giai theo phuong phap hinh hoc. Gia si can
phong dugc xac dinh hoan toan vdi kich thuéc nhu sau : dai 7, rong
6 va cao 4 (asin). Vj tri nhén (N) vA rudi (M) trong hinh 51a), con
can phong dude trién khai theo hinh 51b; hon nia khoang cich cta
rudi vh nhén d&n bdc tubng ben trai va phai tuong wng la 2 va 1
(asin).

, 1,5, 1,57 |
:_ N 1|4 Nj] 4
)
Y »
A b 6
7 6
a)
' |
e o M “N 4
INI 9 -"'i,s PN 3
~ — -t — - —'4"‘\/" N ut — T o
7 6 7 6 7
- b)
Hinh 51

Theo hifth 51b) thi s c6 3 "con dudng” ngén nhit (vi 1a duong
thing) d&€ nhén (N) tdi chd rudi (M).

Ap dung dinh i Pitago ta c6 :
MN,; = V197 =14,04 (asin)
MN, = V116 =10,77 (asin)
MNg = V145 =12,04 (asin)

Do 46 lvi giai tot nhat la Qi theo con dusng MN, .

182. 3 anh tra cho 2 em 3 lan 800 (rup), tic la 3 . 800 =
= 2400 (rup). Hai em lai chia dbi s& tién nhan dugc la :
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2400 : 2 = 1200 (rup). Do 5 anh em chia déu nhau nén toan bd
3 ngdi nha gia tri 5 . 1200 = 6000 (rup), mdi ngdi nha gia tri
2000 (rup).

183. Chi dan : Khi ba tudc bat ddu rdi Tula thi ngudi néng dan
da di dugc bao lau ? Mbi gio ba tudc dudi theo ngudi nong dan duge
bao nhi2u dam ? Sau bao lau ba tuéc dudi kip nguti néng dan ? (luu
y 1 dam = 1,0668km).

184. Ngudi nong dan tra tién dat hét 70 . 8 = 560,00 (rup). Gieo
lia 9 put cho 1 mAu thi 70 miu hét 70 . 9 = 630 (put), s8 tién 1a :
630 . 1,30 = 819,00. Vay tdng sd tién "chi phi" la 1379,00 (rup).

Ngudi ndong dan thu hoach trén 70 méu la :

13 x 70 = 910 (vya)
910 x 6 = 5460 (put)

Téng s8 tién thu duge s& la : 5460 x 1,40 = 7644,00 (rup)

Tién xay lda : 5460 x 7 = 38220 = 382,2 (rup)

Tién van chuyén : 5460 X 11 = 60000 = 600,00 (rup)

Téng chi phi 1a : 1379,00 + 382,2 + 600,00 = 2361,80 (rup)

Loi nhuan la : 7644,00 — 2361,80 = 5282,20.

185. Ban c c6 tit cAa 8 X 8 = 64 (8)
— O thd nhat : 1 hat = 20

- O thyd hai : 2 hat = 2}

- O thd ba : 4 hat = 22

.......

- O thyt 64 - 25 hat = 9223372036854775808 (hat)
Vay tdng s hat thoc dat trén ban cd la :

20 4+ 2! + 224+ | 4+ 25 = 264 _ 1 (hat)
D6 1a mot con s6 khéng 18.

Néu 1 put chia 40000 hat théc thi chi rieng & cudi cung thoi
da la 230584300921369 (put) théc.
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186. Trong 1 phiit :
1
Voi thi nhat chay 24 thung,;
1
Voi thit hai chay — thung;

15
Tu 16 ro chay ra -1‘}2'6 thung. Nhu vy trong mot phit, lugng
nuéc chay vao trong thung sé la :
Lyl o1 (hang

24 15 120 10
Vay thung sé day sau 10 phaiit.

187. Pay la mdt trong s8 12 bai toan ra cho chd bé 11 tudi
I.Van Petrop khdng bi€t doc, bit viét nhung rit giéi tinh nh&m. Cha
bé nay la con mdt nong dan. Vigc thi tai chi bé nay dién ra vao
thang 5 nam 1934.

Dép s6: 1) 3 X 26
2)3 X 21+5 %x 3
3)3 X 16+5 x 6
493 x 11+5x @
5 3 X 6+5 x 12
6) 3 X 1+86 x 15.

Luu y rang : Petrdp da giai ding t&t cA 12 bai trong thdi gian
khdong qua 1 gio. Sau day 1a 11 bai todn con laj :

1) Cong nhim cac s : 143, 27, 38, 29.

2) Cong nham cac sd : 427, 28, 7, 20, 652.

3) 156 nam nua tdi s& bang tudi anh tdi bay giy. Vay anh tai bao
nhidu tudi n&u hidn nay toi 14 tudi ?

4) Mot ngudi ban mdét mat hang thu duge 4548 rup, bj 16 452
rup. Vay gida mat hang nay la bao nhidu ?

5) Hay lay 1600 tri di 1248.
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6) Hay lay 40004 triu di 30055.

7) Tim s§ ma khi them 3455 vao thi duge 10000.

8) 12425 gdp bao nhidu 1an 25 ?

9) Dung s8 tién trong 5 bao, mbi bao c6 875 rup 5 copec dé
mua vai lanh véi gia 35 copéc 1 asin, héi mua dugc bao nhidu asin
vai ?

10) Doc duong ndi gita hai lang trong 1658 cay vdi khoang
cach gifa hai ciy d8u bang 8 asin. Hoi hai lang cich nhau bao
nhiéu asin ?

11) 12 ngudi dung hét 136 rup trong mot khoang thoi gian
nhat dinh. Héi cing trong khoang thoi gian d6 thi 69 ngusi tieu
hét bao nhiéu ?

188. Loi giai dua trén tinh chat sau :
102 + 112+ 122 = 132 + 142 = 365

L 102+ 112+ 122+ 132+ 142 _ 2x365 _
dé = 2

365 365

X A. Rachinxki (1836 - 1902) vén la gido sw cac modn khoa hoc
tw nhién ¢ truong dai hoc. Sau nay ong tré vé day "trudng lang". Ong
chi y nhidu dén cac bai toan khong méu muc va tinh nhém.

Do

189. 84 x 84 =17 x 12 X 7 x 12
= 72 x 122
= 49 x 144
= (50 — 1) x 144
= 80 X 144 - 144
= - 70566
190. Gia st thang diu thuong gia tra x (rup).
Khi d6 (1+1 2+2+214+3+3 L4444 Dx = 753+303 ;
2 2 2 2
do vay 22x = 1056 ;
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1056 ,

X = ——
22
x = 48 (rup).

Cac thang sau, moi ban ty tinh.

AN. Xtrannoliubxki (1839 - 1903) la nha toan hoc ndi tiéng
Nga, gigo s Hoc vién hang hdi. Rét giéi vé phuong phdp gidng day.
Ong da timg la gia su ctia nha niz toén hoc Covalepxkaia.

191. Goi x )a s§ tudn ma cdong viéc dién ra, khi 46 :

(15 — 10)x = 4-:15+3l+7,t1‘rdéx=3(tuﬁn).
2

192. Goi x la &8 tién ma cha dé lai, khi 46 :

(1 - 1_ .2.‘)x = 2500 + 3000 tix d6 x = 20625 (rup).
3 5

193. Goi x 1a tudi ngudi con thy hai, khi 46 :
X - 3x =45 — 29
(1 + 3x = 45 - 29

tr d6 x = 4.

194. Goi x 13 s8 x0 rugu loai 1, ta c6 :

150« + (50 — x) 140 = 50(30 - 3)
7

50(30-3) — 20.140
do 46 x = 1
150 _ 140
5 7

195. Goi x 1a s§ bang bac phai tim ta c6 phuong trinh :
288, 4+ 328 90 _x) = 20(93 - 3)

3
20(93—-3) — 328.20
try @ x = 4
288 _ 328
3 4
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196. Theo bai ra ¢6 heé phuong trinh :

5x + 3y = 540
x +y = 138

tod d6 x = 63 (thudc vai mau xanh)

y = 75 (thudéc vai mau den)

197. Dap sé6 : 237256.

TAY AU

198. Diéu kién bai todn dan dén hé phuong trinh :
x+7=5(@G—"T:
y+5=17(x-9)

Giai h¢ nay, ta nhan duge :

2 14
= y=9—.
17 17

x = 7

Tra 15i : Ngudi ddu cb 7 % dina; ngudi thy hai c6 9% dina.
Bai toan nay duwoc lay trong cudn "Liber abaci® cua nha todn hoc
Italia Leonado Pizanxki Phibonaxi. Ong sinh ra & Pide, nam 117.
Ong da ting gidng day toén hoc & Angic, sang phuwong dong lam
 quen vdi toan hoc A Rép. Chinh vi thé ma éng c6 dip di chidu va
so sanh giva nghé thudt tinh todn An Do véi 9 ki tw Hindu va ngheé
thuat tinh toan cua Pitago dé thdy tinh wu vigt cia viec sv dung 9
ki tw Hindu trong tinh toin. Ong da dic ket nhitng tri ihurc “c8 kim"
vé toan hoc va quydt dinh viét cudn "Liber abaci". Day la tac pham
s8 hoc va dai s8, gom 15 chuwong. Cong lao vi dai nhét cua dng doi
v6i khoa hoc do6 la dng la nguwdi déu tien & An Do gidi thiéu mon
dai s8 va hé théng tinh toén véi cac nha bac hoé chéu Au.
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199. Goi x la sd chim sé
y la s0 chim ngoéi
z la so bd cau

Ta cé6 h¢ phuong trinh : x +y + z = 30

lx+—1-y+2z = 30

3 2
Loai z tit hai phuong trinh trén, suy ra : 10x + 9y = 180
hay y = 20-199x

Sau khi cho x = 9 ta nhan dudc y = 10 va z = 11.
Dép s6 : 9 chim sé; 10 chim ngdi; 11 chim bd cau.
200. Regiomontang giai bai toan bang hai cach :
—Céach thw nhét :

Phuong trinh dugc bién ddi v& dang : 10x = x2 + 190

27

tirdé:x=5-«/21-§—.
27

—~Cach thit hai : Pat —% — = y , suy ra tit phuong trinh da
10 — x

. 1 _

cy+ = = 25

y

Ty & : y = ~2—§—1’62—1
2 4
Tir day, d& dang suy ra x = 5—4,212% .

REGIOMONTANG (Regiomontanus) (1436 - 1476) la nha toan

hoc Puc tén that la Johan Mulo (Johann Muller). Ong rit ndi tiéng
vdi cac cdong trinh cua minh vé luong giac va cac bén’ dich cac tae
gia Hi Lap cd dai. Pang ké dén la cudn "Vé cac tam giac" in nam
15633.
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201. Gia st ABC la tam giac cho trudc (hinh 52)

Qua cac dinh cua tam giac lan lugt
ke cac dudng thing song song vdi cac
canh do6i dién, chiing cét nhau tao thanh
AMPK va khi d6 A, B, C trd thanh
trung diém cla cdc canh. Suy ra céc
'du’img cao ha tu A, B, C cia AABC
xudng ciac canh doi dién la cac duong
trung truc cia AMPK, do d6 ching dong quy. T d6 ta suy ra diéu
phai ching minh.

M B K

P
Hinh 52

202. Dé nghi ban doc cd ging tu giai bai toan nay.

Bai todn nay lay tir cubn "Vé cac phép bién dbdi" cia Ledna do
Vanhxi (Léonard de Vinci) (1452 - 1519) — Cudn sach da nghién citu
chc bai toan bién ddi vat thé nay thanh vat thé khac ma khong théem
bot chat lieu. Theo ong, toan hoc c6 thé gidi quyét dude moi vin dé,
ong da timg néi "Chi cé né (toan hoc) méi cé6 kha nang lam nhizng
nguoi hay cai im lang".

203. Goi x la s0 ti€n clia ngudi thi nhat, y 1a s6 tién cha ngudi
thd hai, z la b tién cla ngudi thi ba, khi 46 ta c6 hé phuong trinh :

x+ly+z) = 12;
2
1 = :
y+=(z+x) = 12,
3
1. _
z+—-(x+y) = 12,
4
=39 ., = o, =
Suyrax = 33—, ,y=7=—=-;z = 9= .

17 17 17

Pap s6:339 ; 71—3 . 9 3 florin.
17 17 17
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204. Ta duyng nhu sau : Liy A lam tadm, quay compa véi khau
dd da cho cit dudng thing AB kéo dai tai

X H D. Rbi lai ldy B la tAm, quay compa v6i
khdu dd nhu vy cit AB kéo daj tai C
(hinh 53)
C D Lan lugt dung cac tam gidc déu ADH
4 B | va BCK. Giao ciia AH va BK Ia M. Khi d6
Hinh 53 ABM la tam giac phai dung.

Bui toén nday do nha toan hoc Italia ndi tiéng Nicdla Tactalia
(1499 - 1557) dut ra. Ong la nguoi tim ra phuong phép giai phuong
trinh bac 3 dang xS + px = q vdi q , p la nhitng sé duong.

205. Cacdand giai bang phuong phap hinh hoc.

Dung hinh 54, ta 6 :

2+2.3x+9 = x2+6x+9 = (x+3)% ’
Theo diéu kién dau bai : ’ ) . 3
x4+ 6x = 91, tir d6 rit ra 3
(x + 3)%> = 100
Hinh 54

Suyrax +3=10,dod6 x =7

Nha toan hoc Italia ndi tiéng Jerdm Cacdand (1501 - 1576) tac
gia cudn sach "Ngheé thuit vi dai", hay vé cac quy the dai s xult ban
nam 1545. Ong la ngwoi déu tien dua ra cach gici phuong trinh béc
3 (ma cong thitc nghiém goi la cong thitc Cacdand) trong cudn séch
trén. Ciang trong tac pham nay ong con néu cach gidi mot phuong
trinh bac bon.

Cacdand rét uvén bac. ('ng con day ca y hoc va triét hoc. Ong
la ngui theo chu nghia kinh nghiém.

206. Dung ki hiu ngay nay, bai toan dan t6i phuong trinh:
x>~ 10x +40 = 0, t0 4 : x, =5+V=16; x, =5 — V=15 .

141



O thoi ki cua Cacdand thi bai toan nay khong cé nghiém vi khi
dé chuwa c6 khéi niém vé sb6 do va cac phép toan trén ching. Chinh
ong da gap phai sb phic trong cac bai toan khéc ma khong li gidi
duge. Ong dac bigt kinh ngac khi théy réng khi cong va nhan "céc
s0 khong ton tai" nay theo céc quy tdc thong thuong thi dan dén cac
két qua thoa man yéu cdu cua déu bai.

Mot trong nhitng dong goép to lon cua Cacdand la dng da chu y
tdi s6 phirc. Tuy nhién mai dén 1799 Vexéli, mdt nha toan hoc Dan
Mach (1745 - 1818) mdi xay dung so6 phiec mot cach chat ché. Dén
thé ki XIX, trén co so chdt ché vé su phat trién cua sé phire, li thuyét
ham so bién sbé phitc ra doi. Li thuyét nay duoc dp dung rong rai
trong khoa hoc ki thuit hién dai.

207. Loi giai diy da lan dau tién cua bai toan nay do Cacdand
dua ra. Ban doc cing c6 thé xem I8i giai bai toan trong sich gido
khoa hinh hoc lép 9.

208. Viet da giai nhu sau :
Pat x = y + z, phuong trinh da cho trd thanh :

y2+y(2z+p)+z2+pz+q=0 *)
Do z tily ¥ nén ta c6 thé chon z sao cho hé s ciia y bang O,
tic 14 2z + p = O hay z = —I;-.
2 2 2
Khidézz+pz+q = %—1;—+q = q—P4—.

Nén phuong trinh (*) trd thanh :
2
y+q-E =0

Do dé y = % E—q

2
Suy ra x=y+z=--Bi‘\’L-—q.
2 4
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FRANGXOA VIET (1540 - 1603) la nha toan hoc Phép, ciing
dong thoi la ludt sw, mdt chinh khach ndi tiéng, mot chuyen gia gidi
mé tai ning. Ong da tim ra bt mat cia bd ma ma Tay Ban Nha si
dung trong cudc chién tranh vdi Phép, giup vua Henry IV phd tan
nhizng é@m muu cia Téy Ban Nha.

Béng cach sz dung nhing ki hiéu so, Viet da lom cho dai s&
phaét trién. Dinh [i néi tiéng ctia Viet vé quan hé gia cac nghiém
88 cua phuong trinh va hé s8 cia ching, ma ngdy nay ching ta da
biét trong chuong trinh toan hoc & phd théng, la mdt dau én lon vé
tai ning cua ong. Ong da dua ra phuong phép giéi thong nhit cac
phuong trinh bac 2, bac 3 va bac 4. Viet cling c6 dong gop nhiéu
trong hinh hoc va luong giac. Cac cong trinh toan hoc cua dong duwoc
in trong cubn sGch "Quy tdc toan hoc" vao nam 1579.

209. Goi t la thoi gian vién bi roi ty do t¥ A d&n D. Gid st ma

o 2
sit khong khi 12 khong dang k& (hinh 7). Khi d6 : AD = 8
2

trong @6 g 1a gia tdc roi ty do, tit d6 mit ra :

t"—"q’@

g
Goi t; ]a thoi gian chuyén dong trugt céa vien bi theo day cung
AC (ma sit coi nhu bang 0).

2
ot
2
trong d6 a la gia tc cla chuydn ddng theo hudng nghitng AC. Tw

ds :
, 2AC
tl = 22
a

T C, ha dudng vudng géc CE tdi AD. Trong cd hoc da xbc
dinh duge :

Ta c6 : AC =

E = _A_E_. haYa = AE.___E
g AC AC
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’I‘alaicéAE = AC,dodéa=iC-.g.
AC AD AD

Cudi cung thi :

t::,\,ﬂ: M: @:t,
! a AC . g g

Tuong ty nhu vay, néu goi t, la thai gian chuyén doéng cua vién

bi trugt theo day cung AB thi ta cing c6 : t, = t.

Nhu vay t, = t, = t, tic la thdi gian chuyén dong theo moi
day cung bang thdoi gian chuyén dong roi tu do.

Galile da phat bidu bai todn nay nhu sau : "N&u tu diém cao
nhat cha vong tron dung phia tren'™ mot mat phiang ngang ké nhitng
miat phing nghiéng khac nhau thi thdi gian trugt theo nhing mat
phang nghiéng 4y téi vong tron la bang nhau".

Bai toan nay da dugc dua ra va giai trong cudn sach "Nhing
cudc néi chuyén va ching minh toan hoc lién quan d&n hai linh vyc
khoa hoc méi gin véi co hoc va chuyén dong tai chd", xuit ban nam
1638 6 Ha Lan.

GALILEO GALILE (Galileo Galilei) (1564 — 1642) la nha toan
hoc, co hoc, vat li va thién van hoc Italia. Ong déa ché tao ra kinh
thién van phéng dai téi 32 lan. Nho db6 ong da phat hién ra cac
trang thdi ctia sao kim, nhitng vét den trén mat troi va sw chuyén
dong quay xung quanh mat trdi cta cac hanh tinh. Ong da xem viéc
quan sat dé nhén ra hién twong phan anh thé giéi xung quanh la
xudt phat diem ctia nhan thicc the gici. Ong kién tri déu tranh chong
sw hu lgu va thi cuu trong khoa hoc, dac biét la chit nghia gido diéu
quy toc.

Galile bi nha tho thién chua gido truy buc tan bao. Hai lan ong
dé bi dia ra trude "Toa an gido hdi thanh than'. Lan dtu vi in nhitng

(1) o day ta phai hiéu la vong tron ndm trong mat phéng. vuéng géc vdi
mat phdng ndm ngang (ngudi dich chd thich).
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phat kién thién van. khang dinh tinh ding dén quan diém i
Copecnic vé trai dat,quay xung quanh truc cua né vé quay xung quanh
miit troi. Lan thit hai vao nim 1633, dng bi dua ra toa én do xuér
ban tic pham "Doi thoai vé hai hé thang thé& gidi chu yéu nhat
Ptolemeé va Copecnic® mdt cach rong rai. Trong tac phém nay, ong
da bang cich so sanh hé thong “dia tam" (cua Ptdlemeés va hé thong
"nhat tam" (cua Cdpecnici chitng to wu thé va tinh ding din cua hé
"Nhat tam". Bing sw gian tré va muu md, cudi ciung giéo hor da ép
diroe Galile cong khai tir bo cdc quan diém cua minh va toé chitc mot
¢ "sam h&i" & nhuc. D& tranh sé phén cua Brund /bi thiéu séng ngiy
17/2/1600 tai Romay. ong gia 70 tudi Galile budc phai qity trong bd
quan ao ké pham tdpi an nan, gt trude nguc cudn kinh thanh cong
khai tir b6 sw gén bé véi hoc thuyét cua Copecnic va tuyén bd cac
nghién cuiu cua minh cé lgi cho hoc thuyét nav la sai lam. khong phi
hdp vdi gigo Ui va phi bang thanh thén.

Tuy vy, ngay sau nghi lé tai toa an, dng van budng binh néi

 réing "Dit sao tréi dét vén quay". Ong vén bi truy buc, lubn bi gigo

hoi gidm sét, tro thanh ti nhan sudt doi. Ong mét tai nha riéng cua
minh 0 Achetri gan Phlorenci.

210. Gia st rang céc dudng thing PS va NC cit nhau tai diém
R, khi &6 :

DC : PN = DR : PR (hinh 55).

Chu y d&n nhing dudng thiang SAE, SBF, SCH, SDK. ta cing
nhan dudc :

DA : KE = DB : KF = DC : KH.

Luu y rang EL // FM // HN // KP,
ta sé co

KE = PL , KF = PM ; KH = PN,

Ty d6 DA : PL = DB : PM =
= DC . PN = RD : RP.

Do d6 ciac duong thang AL, BM.
CN. SP ddng quy tai difm R. D6 chinh L M N P
la didu phai chiing minh. Hinh §5
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Idhan Keplé rJohann Kepler) (1571 - 1630) la mot nha toan hoc
va thién van hoc Duc noi tiéng, tac gia cua cong trinh ndi tiéng "Mon
hinh hoc khéng gian mdi cua nhitng thing ruou vang". (1615), trong
dé trinh bay nhitng co so cua giai tich vd cuing bé, vé sau nay dude
phat trién trong nhitng cong trinh cia Lepnit va Niuton, hudng dén
va cung Bubcghi (Jobst - Burgi — ngudi Thuy Si — 1552 - 1632,
nguwdi san xudt nhac cu) lap bang tinh logarit vao nam 1624, xuét ban
cudn "Bang logarit". Nhw mot nha thién van, dong da tim ra quy luat
chuyén d&ng cua hanh tinh va sudt doi danh cho su phat trién cua
thuyét nhit tém cua Copecnic.

211. Gia st 44 cho hai tam gidc ABC va A B,C, trong mat
phang khic nhau o va o, (hinh 56). Ngoai ra nhing dudng thing
AA,, BB,, CC,, déng quy tai S.

Ta s& ching minh rang cic dudng

thing AB va A/ B, , BCva B,C,, AC

va A,C, cit nhau tai nhing diém ciung

nim trén mot dudng thing.

Xét hai canh tuong iding AB va
A]B1 — ching giao nhau thuc su tai

diém L va ching cung nim trén mot
mat phing, cu thé 1a mat phing tam
Hinh 56 giac SA B, . Dé thiy diém L thuoc ca

hai mat phiang o va o) -

Tuong tu nhu vay cic giao diém M, N cta cic cap dudng thing
tuong ing BC va B,C,, AC va A,C, cing thudc ca hai mat phing
g va o, -

Do vay L, M, N nam trén giao tuyén cua o va o, , ¢6 nghia la
L, M, N thing hang. Bai toan da dugc chitng minh.

Gira Dégiac (1593 - 1662) la mdt nha toan hoc Phap, ki su quan
gidi — dit co sd cho mon hinh hoa. Bai toan trén la truong hop riéng
cua dinh li Dégiac, la mot trong nhizng dinh li co ban cua hinh hoc
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xa anh. Dinh li Dégiac duoc phat biéu : "Néu trong hai tam giac giao
diém cua nhitng cap canh tuong ung thang hang thi cac dudng thing
noi nhung dinh tuong wng dong quy".

Tw twong cua Pégiac sau nay dugc phat trién vao dau thé ki XIX
trong cac cong trinh cua nha toan hoc Phdp Mongia va Pdnxen, nha
toan hoc Dirc I.A. Stein, v.v...

212. Gia su cdc tam gidc ABC va A;B;C; (hinh 57) nam trong
cing mdt mat phing o va gia sit S la giao diém cia nhing dudng
thang ndi nhing dinh tuong ung
AvaA; ;BvaB;; CvaC; Ta
ki hidu L, M, N la nhing giao diém
cia nhing canh tuong ung AB va
A{B; , BC va B,C, , AC va A,C;
(theo didu kien diu bai thi nhing
duong thang nay nam trong cung
mdt mat phang, khong song song).
Ta sé& ching minh rang cic diém
L. M. N thang hang. Hinh §7

Vé qua diém S mét dudng thang tay y, khong nam trong mat
phing o va ldy trén dé6 diém S, , S, tay y.

Ta ndi dinh S, vdi cic diem A, B, C va ndi S, véi cic diém
A,. B, C . Nhung dudng thang S A va S, A, giao nhau vi ching
nam trong cing mét mat phang (mat phing tam giac Alssz ) va

khong song song tkhéong xét truong hgp song song véi nhau). Ta ki
hiéu giao diém cua ching la A, . Hoan toan tuong ty nhu vay thi

cdc dudng thang S,B va S,B, ; 5,C va §,C, cit nhau tai B, va C,.
Ta nhan dugc tam giac A B C, nam trong mat phing o, ndo ds,
giao vai mat phang o theo dudng thang / nao dé.

Tam giac A,B,C, cing v6i méi tam gidc ABC va A B,C, da
thoa man diéu kién dinh li Dégiac trong khdng gian va do 46 cac
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giao didm [. M, N cua cdc canh tuong ing cua cdc tam gidc phai
thang hang. cung nim trén dudng thang [

Bay gio ta chitng minh diéu ngude lai. Gia su cic canh tuong
\{ng cia cac tam giac ABC va A B ,C, giao nhau tai nhing diém L,
M. N tren dudng thang ! nao do. Ta s& ching minh ring nhing
duong thang ikhong song song di gua nhing dinh tuong wng giao
nhau va ddng quy tai mot diem. Dé ching minh diéu nay qua dusng
thing ! ta vé mot mat phang o, tiuy y khdc v6i o . Qua L, M, N,
trong o, ke ba dudng thang tuy y sao cho ching khéng cung di qua
modt didm va khdong song song véi nhau. Khi do trong mat phang
o, ta nhan duge tam giac A,B,C, . trong d6 A/ la giao diem cua
nhiang duong thang vé qua L va N; con B la gino di€ém cua nhing
duting thang qua L va M, va C la giao di€m cua nhing dudng thang
qua M va N.

Tam giac AgB,Cq cung vdi cac tam gide da cho ABC va A;B,C,thoa
dieu kien dinh li dao ctia dinh li Dégiac trong khong gian, do d6 nhiing
duting thang AgA, BoB, CyC giao nhau tai mdt diém S; nao d6. con
cac dub‘ng théng AOAI , BOBI ’ C0C1 thi glao nhau tal dlng mot dlé“m
82 nao dé, khac véi Sl .

Ta xét dudng thang S,S, . Ta goi giao diém cua dudng thang nay
v6i mat phang o la S. Bay gio ta xét cac dudng thang AA, va S$;S, .
Ching phai cit nhau bdi vi nam trong cung mdt mat phang (cia tam
giac S1ApSg). Nhung chung chi c6 thé giao nhau tai diém S. Ching
minh tuong ty, cic dudng thang BB, va CC, cing di qua diém S. Tu
d6 ta mit ra rang nhing dudng thang ndi cic dinh tuong Ung cua hai
tam giac da cho déng quy Do la digu phai ching minh.

Nhan xét : Phan tich ki lugng hon bai toan Dégiac, ta dan t6i
két qué tong quat hon sau day. Néu nhing duong thang néi cac dinh
fuong ung cua hai tam gidc da cho giao nhau tai mot diém hoac song
song vd1 nhau thi ¢4 thé xay ra ba kha nang -

1) Ca ba giao diém cia céc canh tuong ung thdng hang.
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2) Mot cap canh twong ung trong nhung duurg thang .ong
song sé song song véi duong thang di quu giao diem cuu hai
cap canh twong ung con lai.

31 Mbi cap canh twong itng bao gém nhing dudng thing song
song voi nhau.

Hon nita, ta nhan théy rang dinh li Dégiac trén mat phing da
dirge ching minh nhd hinh hoc khong gian béng cach dua vao tam
gidgc AB,C, trong mat phing o, , khong trung v6i o ma trén db co
hai tam giéc ABC va A\B,C, . Dé c nhiéu nd e dé giai quyét bai
toan khéng dua vao khong gian ba chiéu. Tuy nhién, 16 ca moi nd
luc d6 duong nhuw khong dem lai két qua. Chi co nha toan hoc Dic
Hinbe (Hilbert) (1862 - 1943) d@ chitng minh dudc rang khong thé

tén tai phép chitng minh néu khong su dung tinh bang nhau cua céc
doan thang.

213. Phuong trinh 4a cho
x? ~ 4x® ~ 19x%+106x - 120 = 0
Cé thé dudc viét :
xt — 4x® — 19x% + 76x + 30x — 120 = 0
hay 1a x3(x —4) — 19x(x — 4) + 30(x — 4) = 0
Tu 46 suy ra x;, = 4
Nhing nghiém con lai, rit ra ta phuong trinh
xX3-19x+30 =0
Dé tim nhang nghiém nay, vi€t phuong trinh dudi dang
- 3% +3x% - 9x - 10x +30 = 0
hay x%(x — 31 + 3x(x — 3) —~ 10(x — 3) = 0
nit ra x, = 3, con lai hai nghiém nda rit ra tu phuong trinh:
x24+3x—10 = 0

Giai phuong trinh nay : Xg 2vax, = -5
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Roné Décac (René Descartes) (1596 - 1650) la nha toan hoc, triét
hoc Phdp, nguoi viét cudon "Hinh hoc" (1637) nbdi tiéng, trong dé lén
dau tiéen trong lich s khoa hoc, phuwong phdp toa dd duge thé hién.

Phuong phdp toa dd cho phép Décac ciing vdi Phecma x&ty dung
mon hinh hoc giai tich, mon khoa hoc xem xét nhizng bai toan hinh
hoc theo quan diém phuong trinh dai so.

Décac phat trién Ui thuyét phuong trinh bdng cach dua vao nhitng
ki hiéu. Lan dau tién ong ki hiéu bién sp, nhing an sé la x, y, 2,
dua ra phuong phdp hé so bat dinh ma hién nay dang duwgc ung
dung rong rai. Trong triét hoc va ca trong toan hoc, Décac ludn coi
trong phuwong phdp phan tich, tiy thubc vao mdi van dé cén phadi
phan tich. chia né ra thanh tirng phén dé cé thé giai quyét duoc tir
don gian téi phic tap.

a
214. S = —1 | trong d6 q la cong bdi clia cip s5 nhan.
1—-gq
2
a a
Viq=-2nens8 = L - A
a 1 i T B
|
2
2
a, — 32 a
Teds —5 = _17% _ % _ 4
- 2
S —a, a’ a,a, a,
a; ~ 2y

D6 chinh la d&iéu phai ching minh.

Pie Phecma (Pierre de Fermat) (1601 - 1665) la mot nha toan
hoc Phdp. Ngay tir khi con tre da theo hoc luft va tro thanh luat su.
' Ong dac bigt yéu thich nghién cieu toén hoc. Phecma thuong xuyén
trao doi thw tir v6i cac nha bac hoe vi dai, dng thudong coé nhitng phan
tich stwm sdc va dwa ra nhizng phé phéan li thuyét toan hoc hién thoi
va thong bdo cho ho vé nhitng nghién ciu cua minh. Phecma da xay
dung nhiéu phén kién thicc va sw phét trién sau n@y cua toan hoc cao
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cap (Phép tinh vi tich phiam va hinhk hoc gidi tich). Tén tudi cia dng
duoc biét dén trong mot vai dink Ui s0 hoc (Li thuyét sb).

215. Truéc tién ta nhan thdy ring P = ﬁ-P:-Q va PAC = Q\ vi
la nhitng géc c6 canh tuong dng vudng géc. (PMQ = 90°) (hinh 58).
Tu sy d6ng dang cia cac tam giac

ACP vaBDQsuyra & = AC  hung

BD DQ M
theo gia thiét BD = AC, suy ra
PC.DQ = AC2 Vi AC la canh ciia hinh < a
vudng ndi tiép hinh tron c¢6 AB la dutng P C D Q
kinh cua dudng tron nay nén
AB? = 2ACZ va do 46 :

Hinh 58

2PC . DQ = 2AC? = AB?.
" hay la 2PC .DQ = CD? (1)
Hon nita, dé dang thiy rang

PC _ CD _ DQ (2)

Pang thuc (1) trén co s6 he thic (2) duge viét :

2AE .FB = EF? (3)
Bsi vi AF + EB = AB + EF

nén sau khi binh phuong hai v&€ ta nhan dugc :
AF2 + EBZ + 2AF .EB = AB? + EF? + 2AB .EF
Tit 46, luu y dé&n (3) ta thu duge :
AF? + EB? + 2AF .EB = AB? + 2AE . FB + 2ABEF
hay 1a AF2+EB%+2AF EB = AB®+2(AE.FB+ABEF) (4)
Ta xét ddng nhit thic :

(AE+EF)(EF+FB) = AE FB+(AE+EF+FB)EF
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hay la : AF .EB = AE . FB+AB .EF (5)
Tu (4), trén co sd (5), cudi cung ta it ra :

AF? + EB? = AB?
Po chinh la diéu phai chitng minh.

216. Bai toan dugc néu la modt truong hgp riéng cua dinh li 16n
Phecma néi tiéng :

Phuong trinh x"+y" = z2® n € Z7, n > 2
khong c6 nghiém nguyén.

Sau khi doc sach, Phecma lam mot viéc thong thuong la viét
nhan xét vao 18 siach. Ching han, sau khi doc cudn "S3 hoc" cua
bisphang (Diophante), ngay tai ché néi vé phuong trinh vd dinh
x2+y? = 22 , ben 18 cudn sach Phecma da viét : "Khong thé khai
trién lap phuong mot sd thanh tdng cua hai lap phuong, liy thira bac
bén mot s6 thanh téng cia hai lay thia bac bén, néi chung liy thita
bac n bat ki cia mot s& thanh tdng cida hai s6 ldy thia bac n. Téi
da tim ra phép ching minh digu ki ménh dé nay, nhung & day gidy
qua hep dé trinh bay".

Cho d&n nay vAh cdn la mdt sy danh 48 la Phecma da ching
minh nhu th€ nao va litu cé thyc sy ching minh dugc hay khbng‘?(’wJ
Vian dé la 8 chd mac du véi tat ca nd luc cia cdc nha toan hoc, dinh
li l16n Phecma dang téng quat vin chua dugc ching minh va cling
chua c6 ai phan bac, mac du ddi véi vai trudng hdp n cu thé bai
toan da duge ching minh chat ché. Ching han vdi n = 3 va n = 4,
dinh li 42 duge vién si Vién han lam Pétecbua, Ole (1707 - 1783)
ching minh, d0i v6i n = 5 da dugc nha toan hoc trudng dai hoc
Gettingen la Dirichsoleé (1810 - 1859) ching minh. Gido su truong
Dai hoc tong hgp Beclin 1a Cumme (1810 - 1893) nhd nhiing phuong
phdap mdi da dang da kiém tra tinh ding din d8n n = 100. Cudi

(*) Nha todn hoc Andrew Wiles (M) da céng bé chdng minh dinh i dn
Phecma (dai khodng 200 trang), ndm 1993, bdng nhiéu c¢déng cu toén hién
dai (xem Cau chuyén hdp dan vé bai toan Phecma, NXBGD. 2000).
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‘tung, ngay nay nhing nha toan hoc Mi, s dung k&t qua cuia Cumme,
nhy may tinh dién ti da ching minh dugc rang khang dinh cia
Phecma la ding v6i moi n tu 3 dén 4002.

V&i n = 4, nhy da dugc chi ra & trén, bai toan da duge Ole giai.
Ong ta da ching minh ring phuong trinh

xt+yt = 4 (1)
khong c6 nghiém nguyén. Dé dat dugc muc dich nay chi can
ching minh phuong trinh :
x4 + y“ = 22 (2)
khong c6 nghiém nguyén.

Gia sif ta da ching minh duge ring phuong trinh (2) khong co
nghiém nguyén. khi d6 phuong trinh (1) cing khong c6 nghiém
nguyven.

Thyc vay, gia sit Xy, yy, z; 1A nghiém nguyén cia phuong trinh

(1). Khi do :

xp+yi = 7

va khi 46 bd ba s6 nguyén x;, y;, z% sé 12 nghiém clia phuong trinh
(2). Va néu nghiém nay khong phai la nghiém nguyén thi cing khéng
phai 12 nghiém cua (1),

Nhu vay dé gidi bai toan Phecma (dinh 1i 16n Phecma véi n = 4)
cAn phai ching minh ring phuong trinh (2) khong c6 nghiém nguyén.
bé chung minh ta dung phuong phdp phan ching,

Gia su rang phuong trinh c6 nghi¢m nguyén : x,, y,, z, , hon

nia nhiing s nay s& khdng nho hon tri tuyadt @6i cha né. Ta cob :

4, 4 _ 2

8 o2y 2
hay 1a (x2)% + (3)% = 22
T d6 thiy rang %2, y?, z, 1a nhing s§ Pitago, nhu ta da biét
co thé dugc biu thi qua nhing s6 dudng nguyén t§ cung nhau u va

viu > v)
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x2 = uv | (3)

2_

yi = = v (4)
2
2, .2

2, = u'+ve (5)
2

Vi trong dang thuic (3) tich ctia hai s§ nguyén t6 cung nhau u
va v la chinh phuong, tdc 1a bang xf , Nén u va v cin phai la nhing
s0 chinh phuong (hiy ching minh diéu nay !) tuc la :

2

v = v% (7)

hon n@a u; va vy phai la nhing s6 18 nguyén t6 cung nhau va
ul > Vl .

Cac dang thuc (3), (4), (5) trén co sd cdc ding thuc (6) va (7)
c6 dang :

2 _ .2
Xy T ulvf @)
4 4
u; — v
y; = 1 (9)
2
4, 4
u, + v
zl = 1 1 (10)
2
Ta xét dang thic (9). Tu (9) rit ra :
4 _ 4 2, .2,2 2
uy — v u? + -
=Moo (uy + vi)(uy — vy) a1
2 2
Vi higu va tdng cia hai s8 1& ludn 1a mot sd chin nén
ul + Vl = ZU2 (12)
u, —v, = 2v, (13)
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Do vay ma U = Uy + vg (14)

Vi = Ug — vy (15)

Va ¢ day u, va v, la nhing s6 nguyén td cung nhau. Diéu d6
mau thuin véi ding thuae (14) va (15).

Ta nhan thay rang vi u,, v, nguyén t6 cung nhau nén tdng binh

phudng cua ching s& la nhitng sd nguyén t8 cung nhau véi mdi s& do,

tuc la ug + vg khong thé c6 uéc chung khac 0 véi ca u, va ca v,

Bay git ta ldy odng thuc (11), biéu thi né qua u, va vy theo
cic cdng thic (14) va (15) :
f = ug + vg + 2u,v,

— 1.2 -
v = u2+v§ 2u2v2

Tu 46 u

|

2(u§ + vg) (16)

= 4u2v2 (17

hay ~t = u,v,(ul + v3) (18)

e s P P 2 .

Ta nhan thay ring trong bd ba cic sd Pitago X7, yf s Zy » hai
s6 dau tién khong thé cung 1&. Bdi vay ludn cb thé coi xf la le, y%
la chén va do d6 z, 1. Nhung moi s§ chin bit ki la mot s chinh

2
. . ¥, . .
phuong déu chia h&t cho 4 do vay —41 la mdt sB nguyén.

Trong v& phai cia ding thic (18) Ia tich cia ba s§ nguyén t&
cang nhau v, , v, va ug + v‘"; , va tich nay lai 13 mét s& chinh phuong

( bang ( %) 2) :
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Do vay mdi s8 nay déu la s& chinh phuong, tuc la :

- o2 — o2 2 2 2
Ug = X9, Vg = Yo, u2+v2=22.

4

T\?détasuyrax2+y; = zg.

Nhu vay. néu coi by ba sd nguyén x,, y;. z; la nghiém cua

phuong trinh : xt + y4 = 22 thi nhat dinh s& tim dugc mot bd ba
s0 nguyén khac x9, ys, 2z, cing la nghiém cda phuong trinh nay va

Zl >22.

Bit dang thic z, > z, suy ra tif lap luan sau :

2 2

uy + v
2= ud+vi= PV uty
2 2
2
u +v2
nhung z; =
2

2

Tu d6 z; > z;, suyraz, > z,.

1

Lap lai tat ca nhing 1ap luan & trén ddi véi bd ba s6 Xy ¥y Zpo
ta nhan dugc mdt bd ba s& nguyén nida (x4, yg, zg) cing
sé la nghiém cua phuong trinh (2) va nhing bd ba nhu vay c6 thé
nhan dugc bao nhiéu tuy y. Tat ca tao nén mot day nghiém :

(xla _)’1, zl) s (Xz, Y2, Z2) ) (XS ’ .Y3, Z3) ? ey

trong d6 nhing sd nguyén duong z,, z5, zg , ... tao thanh day vd
han don digu giam z; > zy > zg > ... diéu nay dan t4i mau thuln.

Thuc vy, sd sau cung cua day khong thé€ l6n hon z; , do dé
ma day khong thé vo han. Nhu vay viec gia si rang phuong trinh
(2) c6 nghiém nguyén dan t6i mau thuan.

Do vay phuong trinh (2) khong thé c6 nghiém nguyén va do d6
phuong trinh (1) cing khdong thé c6 nghiém nguyén. D6 chinh la diéu
phai ching minh.
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NHAN XET - Phurong phép duoc dp dung o déy duoe goi la phicong
phdp Iin 16 han. No dua trén viéc xéy dung mot déy vd han céc
nghiém bdi nhitng sd duwong don diéu giam :

21, 22, 23, ..

Phuong phdap nay. dac biét hay dwge su dung trong nhitng triong
hop riéng cua dinh li l6n Phecma. con trong truong hop tong quadt
doi vai phirong trinh

xn+yn= Zn

‘trong dé n la $6 tw nhién) thi khong dp dung dugc.

217. Gia su OABC la moét tam dién da cho va gia su OA =
OB = b, OC = c¢. Khi d6 :

b ac ; be
SvoaB = 25 Spoac = X5 Ssomc =
: ; 2,2, .22, .22
T d6 - $%oap + S2oac + Slope = 2D ractble )
4

Theo djnh i Pitago thi :
= Val+c? i BC = Vbi+c? ;. AB = Va2+b? .
Sau khi ap dung cdng thic Hérdng, ta nhan duge :

S pe = AC+B2C+AB . AC+BC-AB
2

« DC-BC + AB | —-AC+ BC + AB _
2 2

- -I-E(AC2+2AB BC+BC%-AB2)(AB2+2AC.BC-ACZ-BC?)

: . 2 2 2.2 2 2
1 (4azb2+4az02+4h202) - a“b“+a“c”+b“c

16 4

il




22, .22, .22
2 _ a‘b® + a“”® + b
Vay S\apc =
4
So sanh cdc dang thuc (1) va (2) ta suy ra :

2 2 2 2 ,
SaaBc = SaoaB t Saorc + Saoac

(2)

d6 la diéu phai chiing minh.

Bai toan da giai la dinh li Pitago md& rong trong hinh hoc khong
gian. Gido su V.Litman cho ring tinh tuong ty nay lin ddu tién da
dugc Gidhan - Phungabe tim ra vao nam 1622.

218. Loi gidi dai s6: Ta ki hidu p la nita chu vi cia hinh chit nhat,
con x la moét trong hai canh cia né. Khi d6 dién tich S s& la :

S =zx(p - x)
hay la xX2-px+8 =0
Giai phuong trinh nay ta nhan duge :

x=Ei-\/E§—S
2 4

2
RO rang 1a x 13 mot s8 thye chi khi S = B- | hon nua gia tri
4

2 2
I6n nhit cia S 1A B, ticla s = B, khidsx = B,
4 4 2

Do d6 trong tit ca céc hinh chd nhat cé cung chu vi thi hinh
vudng c6 dién tich ldn nhat. D6 1a diéu phai ching minh.

Lai giai hinh hoc -

Xét nia dudng tron dudng kinh bang nia

chu vi hinh chi nhat, bang p. Dung mot dudng
N3 vudng goc voi duong kinh (hinh 59). Duong
| kinh dugc chia lam hai phan x va p — x. Khi

p=x X d6 dd dai bang s6 cia doan vudng goc tai diém
chia s&@ bang VS vi : (p — x)x = 8




RS rang la S dat t8i cyc dai néu dd dai doan vudng géc blng

2
ban kinh, tdc 1a khi S = % , diéu nay chi c6 thé xay ra khi va chi

khip - x = x hay x = 121,tticlhkhidéhinhchﬁnhatttﬁthénh
hinh vudng.

Téc gia cua bai toan la nha toan hoc 16i lac nguwdi Anh Gion
Valit (1616 - 1703), gido su trudng Dai hoc tdng hop Oxpho, tac gid
ciia nhiéu cdng trinh toan hoc. Ong nghién ciu nhidu vé nhitng vén
dé nén tang khoa hoc cua hinh hoc nhu mot khoa hoc suy luén, rit
ra tie nhigng tién dé trudc dé. Dac biét dng cung da thiz chitng minh
tien dé song song (tien dé Oclit) dya trén céc tien dé khée. Ong cting
ndi tiéng boi "tien dé Valit" : "Doi véi moi hinh déu ton tai hinh
dong dang véi né véi kich thudc bat ki",

219. Ta ki hieu giao di€m cta nhing canh 46i dign AB va DE,
BC va EF, CD va FA tuong dng la L, M, N. Can phai ching minh
ring L, M, N thing hang (dudng thing Pascal). N&i A véi C, A véi
E (hinh 60) ta vé ching véi duong nét roi.

Vé cac dudng tron ngoai ti€p
cac tam gisc ACN, ECM va AEL.
Ki hitu P la giao diéem hai dudng
tron dau tién khac véi diém C. Ta
chi ra rang duong tron thd ba cing
di qua diéem P Muén vay, chi cin
chiing minh rang : APE = ALE.

N

———— — o Hinh 60
APE= APC + CPE =
sdD/E\F - sdA/.é\C N de’TA\B - stﬁE _
2 2
sdﬁ‘ - sdéB + sdFA - sdﬁ—é sdE,I:‘\A - sdB/é\D o~
= 5 = . = ALE.
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Bay gi¢ ta chiing minh cac diem M, N, P cing nim trén mot
dudng thing, ta sé cing minh CPM + CPN = 180° .

CPM = 180° — CEM = CEF = SdFABC
2
C’r\m=1‘80°—6R‘N=6KF=Sf‘(;EF

S
_ sdFABCEF _ 1540

2 2 2

P S
GPM + PN — SAFABC | sdCEF _

Hoan toan tuong tu ta chitng minh dugc rang cac diém L, P
va M thang hang. Nhu vay cac diém M, P, N cung nam trén mét
duong thing, cic diém M, P, L, cing cung nam trén mot dudng
thang. Do d6 ta suy ra M, L, N thang hang. D6 la diéu phai ching
minh.

Blez Patxcan (Blaise Pascalj (1623 - 1662, la nha toan hoc, vit
li hoc, triét hoc nguoi Phdp. Tai nang toan hoc cua déng xult hién ti
thoi nien thiéu. Ong da tim ra nhitng dinh li hinh hoc phding dau
tién vao tudi thanh nién. Nhing hinh lim ong suy nghi nhiéu la
hinh tam giac, hinh binh hanh, dwong tron, hinh chop, v.v.

Bai toan Patxcan ma loi giai duge trinh bay o trén la mot truong
hop riéng cua bai toan tdéng quat. Dinh li Patxcan c6 thé dwge phat
biéu nhw sau :

"Trong moi lyc gidc ndi ti€p mot tigt dién Cénic (dudng tron,
elip, hypebol, parabol, cap dudng thing...) giao diém cia nhing canh
d5i dién nim trén mdt dudng thang". Pascal da chinmg minh dinh Ui
nay khi ong 16 tuwdi. b&t déu véi duong tron 'bai toén Pascal), va sau
d6 chieng minh tinh ding ddn vdi moi Conic bat ki nhéan dugc tir
diweong tron bdng mot phép chiéu. Patxcan da cong bd nhitng phat
hién cua minh vao nam 1640 lan dau tién trong cudn "Thit nghiéem
li thuyét tiét dién Conic", vdi kich thwdc cua cuén sdach la
47 x 39cm .
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Dinh Ui Patxcan la mot trong nhitng dinh li co bén cia hinh

“hoc xg anh hién dai, mon hinh hoc nghién cieu nhitng tinh chét

chung nhat cua cée hinh vén con chwa duge biét t6i nhd phép chiéu

xuyén tem nhiing tiét dign. Khi nghién cifu tidu si cta Patxcan ngudi

ta thdy rang véi dinh lf nay tén tudi cia Patxcan da ndi lén nhu mot
nha toan hoc, bac hoc tién phong trén toan céu.

Patxcan c6 rat nhiéu phat minh quan trong trong linh vuc todn
hoc cang nhu trong linh vuc khéc. Chéng han trong cudn "Vé dac
tinh cua sw chia hét* thi nhitng dau hiéu chung cua s chia hét cua

cac s6 nguyén dua trén viéc tinh téng cua timg chi s6 da dude dua
ra.

Trong cudn "Tam gidc sd hoc', dng da dwa ra phuong phdp tinh
hé s6 cia nhi thizc va dé phat biéu hang loat nhitng dinh ludt cia li
thuy8t xac sudt, thém vao dé da chitng minh béng phuong phdap quy
nap toén hoc, mot phuwong phdp chitng minh lén déu tien da duge
dwa ra va ép dung dé ching minh dinh Ui va giai bai tap. Trong
nhitng cong trinh vé hinh hoc cua minh vé tinh dién tich va thé
tich, Patxcan da di dén "ngudng cua’ cua viéc phat minh ra phép
tinh vi tich phén.

220. Ta xét nhing truong hop sau diy cia bai todn Patxcan.

1. TRUONG HOP I. Gia sk hai dinh cla luc gidc noi tiép trong
dudng tron trung nhau. Khi d6 canh tao bdi hai dinh nay bién thanh
tiép tuyén (hinh 61a). Trong trudng hgp nay cé6 khing dinh sau :

Trong mot ngi gigc bat ki ndi tiép mot duong tron thi giaeo
diém cua hai cap canh khdng ké va giao diém cua canh thit nam véi
tiép tuyén dinh doi dién sé nam tréen mot duong thing.

2. TRUONG HOP II. Tuong tu d8i véi tu gisc noi ti€p dudng
tron, duge xem nhu mét luc gidc co hai cap dinh trung nhau. Trong
truong hop nay ta co ménh dé sau day : Trong mot tr giac bat ki
noi tiép duong tron hai cgp canh ddi dién va mat cip tiép tuyén cua
hai dinh doi dién giao nhau tai ba didm théng hang (hinh 61b)).
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d)

Hinh 61
Khi ké tit ca ti€p tuy&n tai cic dinh cla ti gidc, dé dang ching
minh ménh dé sau day :
Trong mot t giGgc noi tiép bat ki, hai cap canh doi dién va hai
clp tiép tuyén tai nhing dinh doi dién cét nhau tai bdn diém théng
hang (hinh 61c)).

3. TRUONG HOP III. Cu8i cung, ta xét tam gidc ndi tidp trong
mot dudng tron la md' luc gide noi ti€p, trong d6 cdc dinh d6i mot
trung nhau. Khi d6 sé ¢6 ménh dé sau day .:

Trong mdt tam giGc bét ki noi tiép mot dudng tron, ba giao diém
gitta cac canh cua né vdi tiép tuyén cua dinh déi dién cing nam trén
mot dudng théng (hinh 61d)).

221. Bai toan dugc lady ra tir cudn "D#c tinh cia sy chia hét"
cua Patxcan.

Patxcan giai bai toan nay nho 1ap luan sau day : Gia st khi chia
10 cho modt s6 A. nhan dugc s6 du r, , khi chia 10r, cho A, cb sb
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du r, , khi chia 10r, cho A, ¢6 s8 du r; , v.v. N&u s§ da cho, ching

han c6 bon chit s8 s c6 dang MCDU, trong 46 M, C, D va U lan
lugt 12 nhitng chit s hang nghin, hang tram, hang chuc va don vi
thi ddu hiéu tdng quat cia sy chia h&t cla s8 nay cho A nhu sau :

Néu U + Dr, + Cr2 + Mrg chia hét cho A (bdi cua A) tHi A chia
hét s&6 MCDU, (A la uéce).

That vay, gia su :

10 = Aql""l‘l

101‘1 = Aq2 + Iy
10!'2 = Aqa + 1'3

Khi 36
U + Dr; + Cry + Mrg = U+D(10 — Aq,) + C(10r; — Aqy) +
+ M(10ry — Aqg) = U + 10D + 10C(10 - Aq,) +
+ 10M(10r; — Aqg) ~m.A = U + 10D + 100C +
+ 100M(10~Aqy) —m’'. A = U+10D+100C+1000M — m” A
(trong 46 m, m’, m” l4 nhing sd nguyén).
DPay chinh la diéu phai chitng minh !
222. Bai toan dugce giai nho lap luén sau :

14141 - 13 o6m 26000. Do d6 -— Ia 2000. Vi viy phin
2 3 4 12 12

thd nhdt 1a 12000 livoro; phan thd hai 1a 8000 livorc va phén thd
ba la 6000 livoro.

Bai toan nay dugc lay ra tir tuyén tap céc bai toan cia nha toan
hoc Phap Giac Ogianal (1640 - 1717), ngudi da vidt "Gido trinh toan
hoc" gdm bdn tap.
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223.

y* -3;)‘1— a’y® + 3asy--la4 y> ~ 2ay + a®
- ) 2
y* + 2ay° T ay? y* + 2ay —

2ay3 - 4-;—a2y2 + 3a3y
Zay + 4a - 2a3

-1 azy2 + a3y -1 a*
2

_ 2
1ay ?ay*-la4
2
0
4 2 a2
Dap s6 : y° + 2ay — — .
2

Bai toan nay dugc 14y ra tit cudn "Sé hoc dai cuong” cta I.Niuton
(1642 - 1727), mot nha toan hoc va véat li hoc nguti Anh.

Ixtc Niuton la con trai cua mdt chu trai, da chét truée khi Niuton
ra doi. Ngay tir thoi tho du, nha bac hoc tirong lai da xudit hién nhiéu
khuynh huong cua mdt ngudi cé tinh tw lgp nghién cttu va hoc vén
uyen bac.

Hoc ¢ truong Dai hoc tong hop Camborit, dng da lam cac théay
giGo d d6 kinh ngac vdi kha ndng toan hoc cia minh. Sau d6 ong
trd thanh gido suw truong nay. T nam 1703 dng da la Chu tich Hoi
hoang gia Luén Don, mot hoi gbm nhiéu nha bac hoc i lac dutng
thai,

Ixac Niuton la téc gid cua cudn sGch néi tiéng "Khdi déu toén
hoc cua triét hoc tw nhién" (1687) trong dé trinh bay nhitng dinh
ludt cua Niuton trong linh vuc co hoc va hang loat nhitng phét minh
khac. Vao nam 1707, Niuton da viét cuén "Sé hoc dai cuong" trinh
bay phuong phép dai s va cac ki hiéu hién dai duoc trinh bay.
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bé tdng nhé Niuton, trén ndm md cia dng & Luan Doén, cb
‘dong chi : "Noi day ngai Ixdc Niuton, ngusi déu tién dé cdt nghia
sitc manh cua thugng dé nhd phwong phép toan hoc (hinh hocj, cét
nghia sw chuyén dong cia céc hanh tinh va thuy triéu. Ong la ngudi
dau tién nghién ciu tinh da dang cua tia sang, tir dé rut ra dac tinh
cua mau séc, didu nay tir trwde d6 khong ai lam dupc... Ong séng mai
trong long chung ta.."

224. Niuton da giai bai todn nay

nhu sau : Dat BC = a, AD = y (hinh 62).
Vi géc ABD da cho nén ti sb gita dd dai
cia AD va BD cing da biét (nhs bang sin

('
hay tang). i

Dat AD =d va BD = .. Nhu vay Hinh 62

d:l=y:BD,titd()BD=%.

Cing ding nhu vy, vi da cho géc ACD, ti s6 AD : CD bang
d:f, dodsDC = &

d
Nhung BD + DC = BC tee a ¥ + ¥ = 4.
d d
Giai phuong trinh nay véidn s8lay : y = ad
I+ f

Bai todn nay dugc ldy ra t¥ cu&n sdch "S§ hoc dai cuong hay
cudn sich vé téng hgp va phan tich s8 hee" cta Niuton.

225, Loi gidi cua Niuton: "N&u 12 con bd trong 4 tulin an hét

31 miu cb thi do tinh ti 18, 36 con bd sau 4 tuin, hoac 16 con bd
3

sau 9 tudin, hoac 8 con bd sau 18 tufin an h&t 10 miu cd, gid st rang
co0 khdong moc lai. Nhung vi ¢0 Judn moc lai nén 21 con bd sau 9
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tudn an chi 10 mau c6, ¢6 nghia la c¢d moc 1én trén 10 mau. Sau 5
tuan cudi cung, c6 thé nudi dugc trong 9 tudn s3 thua ra cia 21 con

bo trén 16 con bo, tic 14 5 con bo, hoac nudi 5 con bo trong vong
2
18 tudn. Su 16n Ién cia c6 sau 14 tuin (du ra 18 trén 4 tuidn dau)
tuong ty c6 thd nudi duge 7 con bdo trong 18 tudn, hoac 5 tudn :
14 tuin = 2 bd:7 bd .
2

Do vay sau khi thém 7 con bd ma cé thé nudi né chi bang cb
mdi moc vao nhém 8 con ma cd c6 thé nudi ching trong sudt 4 tuin
dau tién thi tdng s§ sé la 15 con bd. Cudi cung, ndu 10 miu c6 thé
nudi dudc 15 con bo trong 18 tudn thi nhd tinh ti 18, 24 miu c6 thé
nudi dugc 36 con bd trong cung moét thdi gian.

Ta s& thiét lap mo6t phuong trinh dai s6 clGa bai toan nay. Ki
hidu y la 4n s8 phu chi phin c6 moc trén mdt miu trong mot tuin.

Khi d6 trong dot dau cé moc 3 1 y , va sau 4 tuin la

y.4 = 4—Oy. Do d6 12 con bd trong 4 tudn an hét bao nhiéu cbd

3l
3 3

thi c6 bdy nhidu dién tich trong 3 1y iQy méu. Hon nita dé dang
3 3

tinh duge ring ci 1 con bd trong 1 tuin sé &n hé&t bao nhidu co thi
c6 bdy nhieu dién tich déng co.

(3l+ 40y) 48 = 10140y 3
3 3 144

Bay git ta di tim dién tich c6 thé chda cd dy trit dé nudi 21
con bo trong 9 tuin. N6 gdm 10 + 90y miu vi sdc ldn hang tudn -
cia ¢d trén 1 miu la y, trong 9 tudn s& la 9y va 9 tudn trén 10
miu la 90y. Nhu vay dién tich ¢6 dd d8 nudi 1 con bd trong vong
1 tuan la :
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10 + 90y _ 10490y (..
9. 21 189

Do s0 ngay nudi phai nhu nhau nén :

10+40y _ 10+90y

144 189
T day tim ray = —-lm
12

Sau d6 dién tich cia ddng cd cin thiét @& nudi 1 con bd trong
1 tuan la :

10 + 40y _ 5
144 54

(mAiu)

Ta ki hidu x la s6 bo phai tim, c6 thé nudi trén ddng co thd ba
trong 18 ngay, ta nhan dugc phuong trinh :

24+24.18.“1—
12 _ 5

18x 54

Giai phuong trinh nay tim ra x = 36.
Do d6 36 chi bd s& an hét 24 miu cb trong vong 18 tuan.
226. Ldi gidi cua Niuton :

“Ta nhan thiy rang ndi dung cia bai todn chia nhing ménh gé
can phai dugc bidu thi baing nhing bidu thic.
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Lol noéi

Biéu thuc dai s&

Thuong gia c6 1 s8 tién.
Nam d4u tién chi phi mat
100 bang

| Nam thit hai dng lai chi phi
100 bang nita va lai tang

sb'd}rlénl.
3

Nam thd ba ong lai

chi phi 100 bang va st du
cing tang lén % , hon nia
s tai san gap ddi hic

ban dau.

S8 du cua dng ta tang lén 1
3

X
x — 100

x — 100 + X =100} 4x-400
3 3

4%=400 _ )00 o 4x=700
3 3
4x=700 | 4x=700,  16x~2800

3 9 9

16x—-2800 _ 100 hay 16x—-3700
9 9

16x—3700 + 16x-3700 hay

9 27
64x—-14800

= 2x
27

Nhu vay bai todn dugc bidu dién dudi dang phuong trinh dai s3:

64x— 14800

= 2x
27
hay 64x — 14800 = 54x
10x = 14800
x = 1480 .

Nhu vay thuong gia hic ddu c6 1480 bang".

227. Bign ddi sd hang ddu tién va 3 hang tha hai thanh dang

a + bi . V6i s0 hang dau :
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Vi+vV-3 = V1+ivV3

!' 2 ’ ,‘
=J( §+1 _l,> = §+ i ..];
2 2 2 2
V6i s& hang thit hai lam tuong ty, ta tim duge :
Vi-V-3 = Vi-i/3 = qli’- - i «’l
2 2
tir 46 tdng phai tim la :

Vi+Vv=3 +V1-V-38 = 2 .\’% = V6 , d6 a diéu phai

ching minh.

Téc gia cua bai todn nay la nhé toan hoc, triét hoc ngudi Duc
Gotphorit Vild Lepnit (Gottfried Wilkelm Leibniz) (1646 - 1716). Ong
vao dai hoc ngay tai thanh phd éng sinh trudng va & dé dng da hoc
lugt. Toan hoc d& thu hit dng bdi tinh logic clia nd. Ngay i thai tré
ong da lam quen vdi nhitng cong trinh khoa hoc, nghién ciu nhizng
cdng trinh clla Aristdt va Decac. Ong déa tieng la nha ngoai giao &
Pari. Nam 1673 dng séng ¢ Anh, tham gia Hoi hoang gia, lam quen
vdi Patxcan, sau khi quay trd vé Pari, ong trd thanh thanh vién cia
Hdi hoang gia

Ciung thoi vdi Niuton va doc lap vdi ong ta, Lepnit da tim ra
phép tinh vi va tich phan.

Nha bac hoe da dat ra co sé cua Ui thuyét vé dinh thitc, nay sinh
ra trong qué trinh gidi hé phwong trinh tuyén tinh nhiéu &n. Ngoii
ra Lepnit c6 nhiéu cong trinh nghién citu tinh chét cac duong cong,
khai trién ham sé thanh chudi, v.v.
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228. 1) Diéu kién cén :

Gia sit cac dudng thing AL, BM, CN (hinh 63a), giao nhau tai
diém O. Ta ching minh rang : AN BL CM

. . = 1
NB LC MA
% %
O
A N B A N B
Hinh 63

Tu hinh vé, ta nhan duge :

AN _ SaacN _ Sason _ Saacn—Sason _ Saaoc
NB

SANCB  SaANOB SANcB—SaNoB  SaBoc

Tuong ty ta ching minh duge rang :

S
BL _ SaBoa , CM _ SacoB

LC  Sacoa MA  SpaaoB

Tu d6 suy ra (sau khi nhan vé& véi vé) :

AN BL CM _ Sasoc SaBoa Sacos _
NB LC MA

SaBoc Sacoa Saaos
2) Piéu kién di : Gia si ta oo AN BL CM
NB LC MA

Ta phai ching rhinh riing khi d6 cac dudng thang AL, BM, CN
dong quy (hinh 63b).

I
[em—

(2)

Ki higu giao diém cia AL va BM la O, vé CO kéo dai cit AB
tai N’, theo ching minh ¢ diéu kién cAn ta c6 :

AN’ BL CM
N'B LC MA

= 1.

170



T 46 so sanh véi (2) ta rat ra AN - AN
NB NB
hoy 1a AN+N'B _ AN+NB  AB _ AB . \p - nB |
N'B NB N'B NB

hay N’ trung véi N.

Dgidvanni Xeva (1648 - 1734) la nha hinh hoc Itdlia, ki sw kht
dong hoc. Bai toén cua Xéva ldy ra trong cudn sach "Vé nhitng duong
théng" (1678). Xeva da gidi bai toan ciia minh béng mdt vid phuong
phap thuan tuy hinh hoc, dwa trén ludt thong ke, tuc la xudt phat tix
hinh anh co hoc.

229. 1) Xét tam gidc ABC tuy ¥, vé cac trung tuy&n cia né la
AL, BM, CN (hinh 64a)).

a) C
%
A
. N B a
AN BL CM _ 1 (*) vi @61 véi cac trung tuyén thi :
NB LC MA

AN = NB ; BL = LC ; CM = MA.
Va nguge lai, ta ciing c6 ngay hé thic (*) , nén cac trung tuyén
déng quy.
2) AL, BM, CN Ia nhitng dudng cao cia AABC (hinh 64b)).
Ta ki higu cic géc tao bdi cic dudng cao véi cic canh cia tam
giac ABC laa, B, y . Khi d6 :
AN _ hstey _ tgy Q)

— —

NB h3tga tga
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BL _ hitge _ tga 2)

LC  hytg8  tgh

CM _ hotg8 _ tgs 3)

Nhan v& vdgi v& cua (1), (2), (3) suy ra

AN : BL.CM = tor lsa tef _ 1, hé thdc nay néi 1én cac duong
NB LC MA tga tgh tgy

cao cua tam giac dong quy.

3) Gia st AL, BM, CN 1a cac dubng phan giac clia cac géc A,
B, C cla tam giac ABC (hinh 64c¢)).

Ta ki hiéu cdc canh tuong dng cua tam giéc la a, b, c. Khi ds,
dua trén tinh chat duong phan giac ta cb :

AN _ b . BL _ ¢ —
NB a ILC b MA ¢

AN BL CM _ ,

ty d6 suy ra . ,
NB LC MA

Do d6 cac duong phan giac AL, BM, CN déng quy.

230. D8i vdi cac phan ti cha cip s nhan
Ujp,Ug,...,Up,Up4q - t& cO hé thic :

Up 1 Uy = Upyp @ Wy VEin = 2, 3, 4, ...

Gia sit rang cap s0 cdng da cho tang, khi d6 uy s& la nho nhat,
con u, .4 la 16n nhit. Theo bat ding thdc Oclit da biét thi:

un+1+u1>U2+un >
Up+yp > Uy + (112 — uy)

véin = 2, 3, 4, ..
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U3 > U2 + (UZ - ul);
U4 > 113 + (ll2 - u1)

----------

Sau khi cdng titng v& cac bat ding thuc, ta co :
Upt+y > Ug + (0 — I)(up — uy) (1)
Chu y tdi diéu kién da cho, ta tim ra :
up + (n-1)(ug—uy) = az+(n—1)(ag—ay) = a5, (2)

Tu (1) va (2), cudi cung suy ra : u ., > A 4+1

trong @6 n = 2, 3, 4 ...; 46 1a diéu phai ching minh.

Jacop Becnuli (1654 - 1705) la nha bac hoc Thuy Si, gido su
Dai hoc téng hop Baden. Ong ndi tiéng bdi nhing cong trinh vé
hinh hoc vi phan, phép tinh bién phan va vét li toan.

231. Gia st rang con ngya dugc mua x ddng, khi ban mat di

2 2
X _ dbng. Do d6 theo didu kieén bai toan thi x — X— = 24
100 100
Giai phuong trinh nay ta nhan duge x, = 40 va x, = 60. Nhu

vay ai d6 42 mua con ngua 40 hoac 60 pixton.

Bai toan duge giai d trén dwoe nha toan hoc Phap la Eten Bozu
1730 - 1783 dua ra. Ong chuyén nghién cuiu vé If thuyét phuong
trinh dai s6 (1779 ciing nhw dinh li ndi tiéng vé tinh chia hét cua
da thire dai s0 cho x - a, trong dé a la nghiém cua da thiee (Dinh li
Bozu). Bozu cing la tac gia cua nhiéu cudn sach cé ung dung rat lon.

232. Ching minh bang phuong phap quy nap toan hoc day gdu.
1) Khang dinh ding v6i n = 1, thuc vay, khi d6

f1(x) = qox + a3

fi(x) = ag(x — b) + agb + a,

f1(x) ag(x — b) + fy(b)
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t dang thdc sau cung thiy rang s§ du cla phép chia f;(x) cho
x — b) la fy(b) .

2) Gia si khang dinh ding véi n = k. Ta ching minh ring né
ding v6i n = k + 1, theo gia thiét quy nap :

fie(x) = (x = b)p(x) + fi(b)

hon nda :
foe1(®) = agx® ! +apx® + L ax tay,, =
_ k k-1 _
= x(agx + a;x + ...+ a) tagy = xfiyx) +agyy =

= x[(x = b)p(x) + f,(b)] +a,,,
= x(x — b)p(x) + xf, (b) + a,

S6 du cua phép chia fi,1y(x) cho (x —b) la xfy(b) + ax,, (da
thitc bac 1).

Nhung trén cog sd gia thiét ban ddu 1a ding d6i véi da thic bac
1, do vy ma sé du cda phép chia f} ,1(X) cho x — b sé la :

bfy(b) + a7 = agb**! + a;b*+.. +ab + ay ;= fipq (b) .

Nhu vay, khang dinh la ding véi n = k + 1, c6 nghia 1a ding
véi moi n. D6 1a diu phai ching minh.

233. Chiing minh bang phuong phap phan ching. Gia si téng
cdc géc trong mot tam gidc ABC bat
ki 16n hon 2v. Kéo dai canh AC (hinh

B By By B2 BB, . . o . .
65) va tit di€m C v& phia bén phai

A dat n — 1 doan

¢ C, Co-2 Cas cc,, C,C,, CCq,...,C_ _,C

172 Y273° n-2 n-1
Hinh 65 bang nhau va bang AC. Khi d6 ta co:
CC, = C,C, =...= C,_,C,_, = AC .



Bay git ta dyng trén nhiing doan thing vita rdi nhing tam giac

CBlCl y C1B202 g vrey Cn~2Bn—lCn—l s bﬁng tam giéc da ChO, tuc la :
AABC = ACBIC1 = AClecz = ..= Acn—an-lCn-l .
Sau d6 nodi cic diém B va B,,B vaB,, B _,vaB , i

v6i nhau bang cdc doan thang (coi ring nhing diém nay cung nam
trén mot dudng thing) ta nhan dugc cic tam gisc : BCB, , B,C,B, ,
B,C,By, s B, _,C,_,B |

n-2 n-2 n—-1"

Trén doan B _,C_ _; cing dung thém mdt tam giac
B. _,C_ .B_bing cic tam gidc da dyng.

n=-1"n-1"n
Ta bi€t raing n&u hai canh cha tam gidc bang hai canh cua tam
gidc khac thi d8i dién vdi géc 16n hon nim gita hai cap canh nay la
canh 16n hon. Ap dung diéu nay vao cic tam giac ABC va BCB, .
Suy ra BB, < AC, do d6 AC- BB, > 0, tic Ia
AC - BB, 1a mdt doan thiang nao d6.

Do do dai cia dutng gdp khic luén 16n hon d6 dai doan thing
nen : -

AB +BB, +BB,+..+B B +BC , >
>AC+CC,+CC,+...+C__.C

n~2 n-—1 >

T @6 AB + n BB, + B C__, >n.AC

Luu y rang B, C,_; = AB, ta nhan dugc :

2AB+n.BB1>n.AChayn(AC—-BBl)<2AB. *)

Véi moi s8 tuy nhién n.

Bat ding thic (*) mau thudn véi tién dé Acsimet & chd ddi
véi doan thing bat ki, c6 thé dung lap lai doan thing nhd hon mot
sf) hiu han 1An sao cho ta nhan dugc mét doan thing lén hon doan
thang kia. Theo tién d& nay 46i v6i doan thing AC-BB,; va 2AB

c6 thé chon duge mdt s8 ty nhien n nao 46 d8 cho
n(AC -~ BB,) > 2AB .
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Vay ta suy ra rang, trong hg thong hinh hoc dua trén tién dé
Acsimet thi tdng cic goc trong clia mdt tam gidc sé khong thé lén
hon 2v, d6 chinh la diéu phai ching minh.

Andoréy Mari Logiangdro (Adrien Marie Legendre) (1752 - 1833)
la mot nha toan hoc Phdp, ndi tiéng bdi nhitng cong trinh vé gici
tich toan hoc va phép tinh bién phan, la ngudi déu tién trong sd céc
nha bac hoc tim ra (1805) va @p dung phuwong phdp tinh binh phuong
tdi thiéu, tac gia cua cudn "Buwéc dau cua hinh hoc" phd bién rong rai
J Phdp va nuée ngodi. Pac biét cudn "Bude dau cua hinh hoc" da dwoc
biét dén d Nga, chéng han N.I. Ldbasepxki (1792 - 1856) da nghién
cteu cudn sach do.

Bai todn dugc lay ra tu bai toan cua Logiangdro "Tu duy vé
nhitng dudng thang song song” (nam 1833).

234. Bai toan nay da dudc Napdlaong vé. Dé giai né can quay

compa ti mdt diém A tly y trén dudng tron da cho lien ti€p d€ cb

cac diém B, C, D, khdu d6 compa bang r la

% ban kinh duong tron da cho (hinh 66). Vi AC

' la canh cla tam giac déu ndi tiép dudng tron

nén AC = rv3. Tit nhing diém A va D la

A D hai ddu mit cia dudng kinh AD vé nhing

| dusng tron véi ban kinh bang AC, ching giao

nhau tai M. Doan OM bang khiau 46 cia

B C compa phai tim, né chia dudng tron ra lam
Hinh 66 bon phan bang nhau.

Thuc vay, OM = VAM? - A0%2 =V3rP-1? = r/2 Ia canh caa

hinh vudng noi ti€p dudng tron va chia dudng tron thanh bén phan
bang nhau.

235. Phép ching minh nhu sau :
at+4 = a® +4a% + 4 - 4a% = (a2+2)2—4a2

= (a2 + 2)2 — (2a)2 = (a2 + 2+ 2a)(:e.2 + 2 — 2a)
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Trong 46 a2 + 2 + 2a = 1 va a + 2—2a = (a—1)2+1 = 1.

Nhu th& a* + 4 c6 hai uéc s khic nhau, kbac véi chinh né va
khac don vi. D6 1A qiu phai ching minh.
Bai toén nay la cua Sophi Giecmen (Sophie Germain) (1776 -

1831) nha toan hoc niz ngudi Phap, vién si Vién Han lam khoa hoc
Pari.

236. Gia st a < p va b < p, trong d6 p 1a mdt s nguyén td.
Ta s& ching minh réng ab khong chia hét cho p.

Gia st nguge lai, ab chia hét cho p. Khi d6 tén tai mot s8
duong nho nhat b; < b, nhé hon p, khi nhan véi a cho mot s6 la
bdi cua p. Sau khi chia b; cho p ta nhan dugc : b; = pm + n & day
n < by <p.

" Titd6:n = b, — pm

Nhan hai v& vdi a, ta tim dugc : an = ab, — apm ;

an chia h&t cho p vi ab, chia hét cho p (theo diéu gia si) va
apm cing chia hét cho p.

Vay an chia hét cho p, nhung n < b, , do d6 b, khong phai 1a
s6 duéng nho nhét d& cho ab, chia h&t cho p, diéu d6 mau thudn véi

ménh dé& dua ra. C6 nghia 1a ab khong chia hét cho p. D6 chinh la
diéu phai ching minh.

Cac Phridric Gauxo (Karl Friedrich Gauss) (1777 - 1855) la
mot nha bac hoc Pue. duwong thoi duoc goi la "Ong vua cua toén
hoc". Kha nang todn hoc cua ong xult hién tir thoi tho au. Khi nhé
vé nhizng nam con tho. Gauxo da tw noi vé minh “tdi hoc tinh sém
hon hoc néi".

Gauxo sinh ra 0 Braunsvaisa trong mot gia dinh nguoi tho sua
éng nwoc. Ong da trdi qua bac gido duc tiéu hoc ¢ nha truimg lic 7
tudi, khi d6 dng dé lam cho thay gido va ban bé phdi kham phuc vi
kha nang todn hoc ki diéu cua minh.
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Ong da hoc ¢ truong Pai hoc tong hop Gottinghen. Sau nay
‘ndm 1807) ong da trai qua gén 50 nam nghién ciu trong trudng
nay, d khoa ton va thién van. Ngay khi con la sinh vién, & tudi 19,
Gauxo dd cé nhing phat minh dang ké, ong da lam sdng to bai toan
dung da gidac déu n canh béng thutdc va compa. Pac bigt sau khi gidi
phuong trinh xT-1 =0, ong da dung duwoc da gidc déu 17 canh
bang thuwdc va compa.

Nho viéc tinh toan ma Gauxo da dinh vi mot cach chinh xéc
hanh tinh Serera ma sau nay cac nha thién van da tim ra.

Nghién ciu nhitng vin dé cua toan hoc Gauxo la nguoi di tién
phong trong Ui thuyét chubi va li thuyét phuong trinh vi phan, nhitng
dinh li co ban cua dai s& cao cdp, dé cap dén phuong trinh dai s6
bac n. Trong cudn "Nhitng nghién cuiu sd hoc" ong da trinh bay nhitng
cd so cua li thuyét so hién dai, ong c6é nhitng cong trinh co ban vé
li thuyét vi phan.

Trong linh vwc vat li ong nghién cuu vé li thuyét truong dién
tr va mot v van dé vé quang hoc.

Vao nam 1818, trao dbi thir tit vdi vai nha bac hoc, Gauxo da
duwa ra y nghi vé kha nang ton tai cua hinh hoc phi Oclit song song:
véi hinh hoc Oclit (sau nay dwoc goi la hinh hoc Lobasepxki).

Tuy nhién vi thoi gian trdoi qua da qua lau, nhitng bai viét ctia
Gauxo dang tiéc la khong tim thdy va khong c6 mot bai bao nao duwogc
cong bo. '

237. Giai bai toian da cho dan tdi viéc chia duong tron cd ban
kinh bang don vi thanh 17 phin déu nhau. D€ lam dugc didéu nay
cin phai dung cac diém

zk = cos 2kt + isin Zkn (hinh 67a))
n n
trong dé i?=-1,k=0,1,2,. 16, zy la nghiém cua phuong

trinh : z" - 1 0
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ZJ AS A5 Dy
Zz A7
x - B Ag +
0 Zo=1 H C\L OHDC}B
A7 A;;
Az
ICI 13
Hinh 67

2

Gidst : e = cos'E+ isin ==
17 17

Khi d6 theo cong thuc Moivre thi : X = cos 2%7_ + isin -213]‘-;[—,

k = 1, 2, .., 16. Vay nghiém cla phuong trinh : z!7~1 = 0sé Ia

s§:1,¢, ¢e,..., el Tdt ca nhing nghiém nay, d& thiy trong
cach biéu dién, la nhing dinh khac nhau cdéa mot da gisc déu 17
canh, ndi ti€p dutng tron don vj.

Hon nia, ta nhan thiy rang

Ta bigt rang z'" -1 = - D)6 +2%+ . +2+ 1) do &6
moi cAn bac 17 cla 1, trit 1-ra, cAn phai thoa :

z16+215+...+22+z+1 = 0

tt'fclé:816+815+...+£2+e+1 = (

hay e+ P p e = -1

suyra:e+e+ . +Bre BT 42 om0
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St dung tinh giao hoan, k&t hgp ctia phép cong s6 phuc ta cé:

e+ +et + B8+l e2 474478

+ (63+86+e'5+e7+e-3+e_6+55+e"7) = —1

trong d6 phan ti trong ddu méc nhan dudc nhd khai can bac hai
phan ti ding trudc. Ta ki hidu mdi ddu méc tuong ung la 7 va 7,
khid6 :n+7n, = —1

on

Dé thay ny, = —4
Do vay n va 7, la nghiém cia phuong trinh bac hai :

24+x~4 =0

n = —-1-+l.\/17
2 2

n = -L1-1yig
2 2

Hdnm'ra:iy>0,771<0.

Bay gio ta chia tit ca cdc can bac 17 cia don vi ra lam bén -
nhém : z, Zys Zgy 23"

e+et+el+et = 3
2+ B +e 248 = Zq

%
S +e S+ 340 = 29 )
S+ eT+e 84T = 5

Tu day dé dang thdy : z+2, = 7

zz; = —1
Nhu vay z va z; 12 nghiém cia phuong trinh :

X2 -px—1=0 (2)
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Hon nda : z > 0, z, < 0.

1

Cing tu he (*) ta nhan duge

zz+z3 = 7M1
2223 = "1

Zg va z3 1a nghidém cla phuong trinh : x> —gx = 1=0 (3)

do do zz=%1-+ (’—721)2+1

_n J ’71')2
Zoa = — — =] +1

v0112>0va23<0

Sau khi dat ¢ +¢ 1 = v

84 + 8—4 = yl

Ta nhan duge y + y; = z;
Yyr = 22

/ ‘
trong 46 z la nghiém duong cta phuong trinh (2), con z9 la nghiém
duong cua phuong trinh (3);

Rit ra y va y, la nghiém cua phuong trinh :

x2—zx+zz=0 (4)

wdoy = 240 (2 -nin = 2-4(97 -4

N

[\
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£+é.‘-1 = 2005_2.][_

Hon nday > y; viy

17
vay = et +¢74 = 2003—2-7[—
17
Bay gid ta tim ¢ tit phuong trinh : e + ¢~ = y

hayez—ye+1 = 0

2
Suyrae=1+.\](l) —l,viy=2cosgn—,
2 17

nén ¢ = .§+,\/(X)2—1 =Y +iil - (X)z

2 2 2
2 |, .. 2m _
= c0s — + isin =— = ¢
17 17

Cong thuc : ¢ = =§+ (é)z— 1 ching t0 rang can bac 17
cia don vi c6 thé& bidu thj qua can bac hai va do d6 c6 thé dung
dudc né bang thudc va compa. Do vay bai toan dyng da gidc déu 17
canh bang thuéc va compa dudc gidi mot cach xac djnh. Bay gio ta
sé chi ra viéec dung dugc ti€n hanh nhu thé ndo. Ta dung cic doan
thang sau day :

hp=Y17_1
2 2
V17 _ 1
2)m = —— =
1 9 2
Dz=T+ (1) +1
2 ,2/
2
4)Z2=22.1_+,\/(’71) +1
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Sau khi dung doan thang y, dé dang chia dugng tron thanh
17 phan. Thuc vay, nhu da chi ra & trén y = ZCosgn— , do d6
17

% = COS % 14 khoang cach tit diém chinh gita cia cung d&n mot

trong hai dinh cia da giac ddu 17 canh, thuc hién viéc dung bang
cach sau day (hinh 67h)) :

1) Dung dudng tron ban kinh don vi vA ké dubng nam ngang
A;B; va duong thang ding 1a dudng kinh D,C; .

2) Trén truc chda dutdng kinh A,B; , quy dinh huéng duong la
hudng vé phia bén phai, tdc 1a tud A; dén B; c6 hudng ngugc véi
huéng tu B; dén A, (v€ phia bén trai, dugc coi la-huéng am), va
nhu vay v& phia bén phai, ti diém O ta sé dat nhiang doan thing co
huéng duong, con vé bén trii nhing doan thdng c6 hudéng am.

3) Dung doan OB = ~1
4

4) Khi @6 : BD; = \/OBZ+0D§ = 1+ l16_ _ »/17

5) Lay diém B lam tam cia dudng tron vé dudng tron,bén kinh
BD; va giao diém cta né véi dudng nam ngang la C va C’, vay thi
V17 V17

BC = Y1 Bc = =YL
4 4

6) Td nhing diém C’ va C vé nhing duong tron ban kinh
C’D, va CD, tuong ung, cit truc nim ngang tai nhing diém D’ va
D
7) Nhu vay ti hinh vé (hinh 67b)) ta nhan dugc :

oc =0O0B+BC = -1-1lyvim -1
' 4 4 2
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OC’ =0OB+BC = -14+1y17 =1,
1 4 2
OD’=OC,+C’D’=1+ (2) +1=Z,
2 2
' 2
0D = 0C+CD = By \[(T) 41 = 4,
2 2

8) Dung nita dudng tron dudng kinh A D, cat cung OD, tai F;
9) Ldy F lam tam vé dudng tron ban kinh FK = 10D’
2

10) Lay K lam tam vé duong tron tam K, ban kinh KF chia
truc -nAm ngang bdi hai diem H va H’.
11) Khi d6
| —OH + OH’ = HH’ = 2KH’ = OD’ = 2z
—~OH.OH’ = OF%? = -0A; .OD = OD = z,.

boi vi —OA; = 1. Do d6 doan thang —OH va OH’ sé 1a nghiém cta
2

phuéng trinh : x* —zx + 29 = 0
Nhung phuong trinh nay trung vdi phuong trinh (4) ma nghiém
ciané lay,vay Doddy = -OHvay, = OH , (y > yy)

12) Ta lay nghiém 16n hon y va dung doan :

0L=l=:9ﬂ;
2 2

13) Dung tai L mot duong vudng géc véi truc ngang, cit dudng
tron tai nhing diém Ay va A;; , them vao d6 A A, = E, con day
17

cung cua noé la canh cua da giac déu 17 canh phai tim.
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14) D€ hoan thanh viéc dung da gidc déu 17 canh, dung céc
cung bang cung A;A, lién tigp trén dubng tron va néi nhing diém
nhén duge bdi cic day cung.

Bai todn dyng da gidc &8u 17 canh bang thudc va compa nhu
da chi ra & trén da duge Gauxd gidi khi éng 19 tudi. Nhing lap luan
tong quat v& kha nang dung da gidc d8u n canh hic 46 cing duge
dua ra va din téi viec ching minh dinh lf ndi ti€ng sau day : "Viec
dyng modt da gidc déu n canh bing thuéc va compa chi c6 thé thyc
hien duge khi va chi khi n duge biéu dién dudi dang :

2"p1pg ... Ps
trong 46 p;, Py, ..-, Ps 12 nhing s8 nguyén t6 khiac nhau o6 dang
22" + 1,

N6i riéng, khi n 13 mdt s6 nguyén t6 thi ciAn va 4G dé dung
k
duge da giac d8u n canh 1A n c6 dang 22 +1 .
Tinh d&n di€u kién sau ciing, ta thiy rang :
2k
17 = 2° +1 véi k = 2
do d6 da giac déu 17 canh dyng dugc bang thudc ké va compa.
Dé chinh xac hon, kha nang dung nhing da gidc déu n canh sau day
da duge kiém tra :
2k
2° +1 (véi k

k
Ngi gidc ddu : 5 = 22 +1 (véi k = 1) v.v.

Tam giac déu : 3

0)

Theo dinh li Gauxo chéng han, khong thé dung dugc mdt da

giac d8u 7 canh bing thudc va compa vi 7 khong thé bidu dién dudi
k
dang 22 4+ 1 dudec.
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238. Bai toan ¢6 hai nghiém :

Nghiém thu nhét Nghiém thu hai

12 8 5 12 8 5
12 0 0 12 0 0
4 8 0 7 0 5
4 3 5 0 7 5
9 3 0 0 8 4
9 0 3 8 0 4
1 8 3 8 4 0
1 6 5 3 4 5
6 6 0 3 8 1

11 0 1

11 1 0

6 1 5

6 6 0

Bai toan da cho dwoc mot nha toan hoc tré tudi ngudi Phéap
nghién cuwu, do la Simeon Deni Poatxong (Simeon Denis Poisson)
(1781 - 1840). Bai toan nay theo loi Poatxong dd quyét dinh sd phan
cua dong : dong quyét dinh rang sé trd thanh nha todan hoc.

Thoi gian da ching té ring nha bac hoc gi ding loi hita cia
minh. Ong da la thanh vién cia Vién khoa hoc chéu Au, dac btet la
vién si thong tan cua Vién Han lam khoa hoc Petecbua.

239. Can phai ching minh ring trung binh cdng cia n sd duong
khong nhé hon trung binh nhan cta ching. Ménh dé nay c6 thé dugc
chiing minh theo nhiéu cach khac nhau. Sau day la phép ching minh
cua Cosi.

Ta can phai ching minh :

X1 + X9+ ...+ X
1 2 - n?.nV;1XZ..
n

V6i n = 1, bat ding thdc hién nhién ding.
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Véi n = 2, ta phai ching minh bat &ing thuc :

m > \/xlxz .
2
X, +
That vay e T X1Xg = 1 (x5 + X9 — 2Vxyx3)
2

Bay git ta ching minh rang n&u bit ding thic ding vdi
n = m thi né cing ding v6i n = 2m. That vay :
X1tXp X3tx4 Xom~1+X2m
+...
X tXg+. AXom1+Xom _ 2 2 2 S

2m m

2m-1%2m —

zm»\l - . *3 %4 *am-1"%om ?.mJVxlxz VX, - Vx
2 2 2
= PPVRX Xy Kgp_ ¥om -
Nhu vay néu bt dang thitc ding véi n = 2 thi né cing ding véi
n =4, 8 16, .., tic la &ing véi mei s0 ty nhién Ja lay thia cia 2.
Bay git ta chitng minh bat dang thic dung vdi moi-sd ty nhién n. Néu
n khong phai 1a mt liy thita cia 2 thi ta c6 thé thém vao s tu nhién

q dé sao cho n + q = 2™, ta c6 bit dang thic ding sau day :

X1 +Xo+Xqt . X +X, 9t X
17273 n_"ntl 729 > MUY XeXg. . XpXp -1 Xp g

n+q
. xl+x2+_. +xn © b
Néu ta chon x_ _, =X ,,= ... =Xy4q = - thi bat
ding thuc trd thanh :
. 4 +x1+x2+...+xn q
X, tX .- TX .
=2 XXy X | —= 1)
: 172" n?
n+q n

Tu d6 mit ra :

+Xo+...+X + ' X1+ Xo+... X
X17TX9 n > n Q’Jxlx2“'xn( 1 2 n)q

n n
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hay la :

Xy +Xgt ... +Xp )mq

(

X1 +Xo+...+X q
> XIXZ...Xn( 1 2 l")
n n

X1 +Xo+...+X n
=> {\ 1 2 n) > X1X2X3...Xn

n

= X1+X2+X3+...+Xn

= n\G{1X2X3. . .Xn
n

D6 chinh la diéu phai ching minh.

Dau bing chi xdy ra trong trudng hgp tit ca céc x,

i=1,2, .., nbangnhay, ticlax, = x, = ... = x_ . Thyc vay, néu
X, = X, = ... = x_, thay vao v& trai, ta sé c6 diu bang. Bay gio

gia s X, # X, con cic x; khic la nhing s6 duong tly y, khi aoé :

2
Xy t+Xo X1+X2

+ Xa+...+X
X1+Xg+.. +Xq _ 92 2 3 n S
n n
X1 + X9 2 X1+x -
= nJ(L-——-g] X3 ... Xy » nhlrng L 2 > VX1Xg
2 2

X1+X2
2

i
x1+x2+... rX

e, Az n \ 2
Tu d6 suy ra a\/( ) X3 ...X, > "VxiXoXg ... X,

> MWxoxoox .

va do vay : 1% n

n
Oguyxttanh Lui Cbdsi (Augustin Laui Cauchy) (1789 - 1857) la
mot nha toén hoc Phdp, cé nhiéu cong trinh chu yéu trong gidi tich
toén hoc ‘phuwong rinh vi phan, li thuyét chudi) va li thuyét ham sb
bién so phizc. Ong la thanh vien cia Vién Han Lam khoa hoc Pari.

240. Bai toan dugc giai bang nhi€u cach khac nhau. Xin dua ra
mot trong nhing cach giai dya trén hinh hoc khong gian.

Ta xét modt luc giac trong khong gian A,B,C,D,E,F, ma hinh
chi®u cia no trén mat phang 1a luc gidc ABCDEF da cho (hinh 68).

188



Dé dat dugc didu nay ta quay
tung dudng thang m,, m,, mg,
m,, mg, mg cing nam vé mot
phia v6i mat phiang (ABCDEF)
mot goc 45° quanh ban kinh tai
tidp diém, thém viao d6, nhung
dudng thang dugc danh s6 lé

(m,; , my, mg) vé cing mot phia,
con nhing dudng thang dudc

danh s6 chan (m, , m,, my ) vé

phia khiac. Ta nhan thiy rang
nhitng dutng thang duge danh s&
lé s& giao nhau va cling nam trong
cuing mdt mat phang véi mdi dudng thang danh s6 chdn vi nhang
duong thang nay d6i xdng vdi nhau qua mat phang vudéng goc vdi
mat phang chi®u chuda luc gidc ABCDEF di qua phan gidc cua goc
tao bdi cac hinh chiéu.

Hinh 68

Giao diém clla m; va mg, my vA mg, mg va my, my va
mg, mg va mg, mg va my tuong dng la B;,Cy . Dy Ky, Fpl Ay
Bang ciach nhu vay ta nhan duge luc giac A1B,C;D;E;F; ma hinh
chidu cua né trén mat phang chigu 1a luc gidc ABCDEF.

Bay gio ta ndi nhing dinh d6i dién cua luc giic
A;B;C,D;E;F; bdi nhung dudng thang A;D;, ByE;. C;F; . Nhung
dudng thang nay tiung dd6i mot giao nhau vi nam trong cung mot
mat phang.

Ta xét, chang han, dudng thang A|D, va B E, , ching giao nhau

boi vi ching khong song song va lai nam trong cung mot mat phang
— mat phang tao bdi hai duong thang giao nhau m, = AIB1 :

m, = ElD1 .

1

Nhitng dudng théngr A{D;, B;E,, C;F,; khong cung nam trong
mot mat phang, do d6 néu ting doi mot giao nhau thi phai dong quy
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tai mot diém O; (trén hinh vé khong chi ra). Hinh chigu ctia O, trén
mat phang chiéu chinh la diém O, la giao diém cua ciac dudng thing
AD, BE, CF. D6 chinh la diéu phai ching minh.

S.J. Briangxong (1785 - 1864) la mdt nhi toén hoc Phép. Ong
da cfuimg minh bai todn vé luc giac ngogi tiép nhd li thuyét cuc dude
dia ra boi nha hinh hoc Phdp Ponxen. |

Nho phép chiéu xuyén tam, Briangxong da md rong bai toan cua
minh trén tat ca cac tiét dién Conic bang cach twong tw nhw dinh
li Patxcan chang han, la mot dinh li déng vai tro rit quan trong
trong hinh hoc xa anh va nhitng itng dung cua né nia. Dinh Il
Briangxong dwgc phat biéu la : "Trong moi luc giGc ngoai tiép mot
tiét dién Conic (dwdng tron, elip, parabol, hypebol, cip duong thing)
thi nhitng duong thang noi cac dinh déi dién dong quy tai mot diém
(goi la diém Briangxong).

Mot diéu tha vi la dinh li Patxcan va Bridngxong trong hinh
hoc xa anh ¢é mdt sy tuong dong la dua trén nguyén li hai mat cua
chum duong thang bdi viéc thay thuiat ngd "diem" boi "duong" va
nguoe lai (tinh déi ngéu). Tuy nhién ditng vé mat lich sw thi dinh
li Briangxong ra doi ch@m hon dinh li Patxcan 150 nam.

241. Xét mot luc gide ngoai ti€p duong tron. Trong luc giac nay
theo bai toan da duge xét cia Briangxdng, nhing dudng thang ndi
nhing dinh d8i dién déng quy (diém Briangxdng). Néu bay gis nhing
tiép diém cua hai canh ké tién gn nhau theo dutng tron thi luc gidc
sé bién thanh nga gidc (c6 mdt canh trung nhau) va theo bai toin
Briangxdong ta rit ra khang djnh sau :.Trong mdt ngi giac ngoai
ti€p dugng tron thi nhing dudng thang néi hai cap dinh khong lién
tip va duong thing ndi dinh thuy nam véi tiép diem cia canh doi
dien dong quy (hinh 69a)).

Bay gio ta xét mOt td gidc ngoai tiép duong tron xem nhu mot
luc giic ¢d hai canh trung nhau. Khi d6 s&@ c¢6 khang dinh sau :
Trong mot tu gidc bat ki ngoai ti€p mot dudng tron thi hai dutng
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chéo va duting thing ndéi hai ti€p diém hai canh d6i dién déng quy
(hinh 69b)).

Khéng khé khan gi ta rit ra k&t luan sau : Trong moi tu giac
ngoai tidp dusng tron hai dudng chéo ciia né va hai dudng thang ndi
ti€p diém cua hai cap canh d6i diégn déng quy (hinh 69c)).

N&u xét tam gidc ngoai ti€p dutng tron, xem nhu moét luc giac
c6 ba canh trung nhau, cac dinh la ba dinh cua tam giac va ba ti€p
diém thi rit ra k&t luan sau : Trong moi tam gidc ngoai ti€p mot
duong tron thi nhing dudng thing néi dinh cua tam gidc vdi tiép
diém ctGa canh d6i dién déng quy (hinh 69d)).

Q&
& A

Hinh 69

242. Trén oo s6 dinh li Xéva (hinh 70), ching ta c6 :
AK BC FD

. i =1 (1) F
KB CF DA
D c
Mat khac L2 = EC (2)
DA CB A e B
Hinh 70
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Tu (1) va (2) suy ra éK% = 1, hay Ia AK = KB, d6 chinh la

diéu phai ching minh.

Cé thé giai bai toan nay khdng cAn dung dén dinh li Xéva (ching
han xem cudn "Hinh hoc cta thudéc ké vad compa" (Maxcova 1957 -
trang 34)).

Jacop Staino (1796 - 1863) la mot nha toan hoc Thuy Si, mot
trong nhitng nha sang lagp hinh hoc xa anh, thanh vién cua Vién Han
lam khoa hoc Beclin tiw nam 1835, gido suw truong Dai hoc tdong hop
Beclin, quan tom nhiéu dén bai toGn dung hinh béng thude ké va
nho vao mot duong tron cd dinh.

243. Noi hai dau cia dudng kinh AB véi diém M. Ki hiéu giao

diém cda cac duong thing AM va BM

M vG6i dudng tron 1a D va C. Gia st E

| la giao diém cia AC va BD. Khi d6

duong thaing ME cat dudng thaing AB

tai K va dé chinh la duong vudng goéc

C v6i AB phai dyng. (Tai sao vay ? mai
ban tu phan tich lay) (hinh 71).

A B 244. Ta xét tam giac can ABC
va mdt tam giac khc‘)ﬁg can ABD tuy
y (hinh 72) c6 day chung AB va cb
téng cla hai canh bén bing nhau, tic
Hinh 71 la AD + DB = AC + CB.

Tam gidc ABE la phan chung cta hai tam giac ABC va ABD.
Dé giai bai toan nay, ta cAn ching to rang tam gidac DBE la mot bd
phan cia tam giac ACE. Trén dudng thang AE va EC tuong ung lay
cac diem F va K sao cho EF = EB va EK = ED. R6 rang rang tam
gidgc FKE bang tam gidc BDE. Bay git ta cAn phai ching minh rang
F nam gita A va E, con difm K nam gita C va E. Ta hay xét
AAEB. Trong tam gidc ndy vy < B, vi y < a con a = [ (theo gia
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thiet AABC can). Tu d6 AE > BE
va AE > FE vi BE = FE. Do do C
diém F nam gitta A va E.
Bay git gia sit rang diém K nam
gita C va E. Khi d6
AF + FK + KE + EF <
< AF + FC + CE + EF ;

AY B
EF = EB , KE = ED .,

FK = BD , Hinh 72

AF + DB + ED + EF < AF + FC + CE + EB

AF + FE + ED + DB < AE + FC + CB

AD + DB < AF + FC + CB

Nhung do AD + DB = AC + CB
nén AC + CB < AF + FC + CB
hay 1a AC < AF + FC (%)
Bat dang thuc (*) ludn dung.
Ta c6 diéu phai ching minh,
245. Loi giai cda Xtuécm (Sturm) :
Gia s x la s0 ngay phai tim, quang dudng nguti thu nhat di

duge la tdng clia modt cip s8 cong, nhiing s6 hang cia né la 10 va

10 + x;‘, tic la quang dubng nay bang (20 + X_;i) x % hay

(79 + x)x
8

tién sau x — 3 ngay va do do :

. Ngudi thd hai, xudt phat sau ba ngay dé gap ngudi dau

[14+ (x—4)2] x—3 hay (17+x)(x—3) (dam)
3 2 3
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Theo diéu kién dau bai suy ra :

(T9+x)x  (17+x)(x—3)

-40 = 0 1
3 3 (1)

hay 5x2 — 125x + 552 = 0 (2)
xy = 5,72 ... ; %9 = 19,27 ...

Nhung vi x la s0 nguyén nén nghiém trén khong théa. Nhung
c6 the chung té rang phdn nguyén cia nghiém (5 va 19) thoa diéu
kign dau bai.

Néu a la quing dudng ctia ngudi thu nhit, con b la quang duong
cia ngudi thd hai, hon 40 dam. Gia s ngudi thd nhat trén duong
X ngay, con ngudi thd hai 1a x — 3 ngay, ta nit ra :

5x2 — 125x + 552 = 24(b — a) (3)
Didu nay la hién nhién.

Bay git ta ldn lugt thé 5 va 6 vao phuong trinh (2), khi d6
két qua nhan dugc ¢ v& trai 16n hon 0 va nho hon O véi gia tri
tht hai, nhung nhg (3), hidu b — a luén cung dau véi tam thue
5x? — 125x + 552, do vay cudi ngay thd nam thi a < b con dén
cudi ngay thd 6 thi a > b. Nhu th& cudc gap diu tién sé & gida
ngay thi nam va ngay thua sdu. Tuong tu c6 thé chitng minh ring
lan gap thu hai sau 19 ngay, dé& hiéu vé& kha nang cudc gap lan nay
vi ngudi thd hai da tang van toc cia minh ngang véi van tdc cua
ngudi thd nhat. Diéu nay khiang dinh mdt lic nao d6 hai nguvi se
c6 cung van toc. Chung ta tim duge s6 ngay 13, nam gida 5 va
19. (Loi giai cia Xtudcm ti cudn "Nhing bai toan so cAp lich si”
cua G.N. Popop — Xuat ban nam 1938, tr.210 - 211).

Giac Saclo Xtuobcm (1803 - 1855) la mdt nha toan hoc Phdap noi
tiéng (goc Thuy Si), thanh vién cua Vién Han lam khoa hoc Pari. Tir
nam 1840 la gido su truong Bach nghé Pari, tac gia cua dinh li vé
xac dinh sb6 nghiém cua phuong trinh dai s6 ndm trén mot doan cho
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trude, tac gia cua nhiéu cong trinh vé phuong trinh vi phan, quang
hoc va co hoc.

246. Chung ta gia st rang bai todn da giai dugc. Gia st AM la
cat tuydn phai tim (hinh 73), con diém A va B la giao diém cia cat
tuyén véi dudng tron. Theo gia thiet AB = BM, ndi diém A véi tam
O cat duong tron tai C. N6i O véi B va C v6i M.

Nhu viy AACM nhan dugc ¢6 OB la duong trung binh. Nhung,
nhu da bit. dudng trung binh cta tam gidc ludn song song vdi
CM

2
hay CM = 20B = 2R, trong d6 R la ban kinh dudng tron da cho.

canh day va bang nita canh ddy, suy ra OB / CM va OB =

Ap dung diéu phan tich & trén dé dang dung cat tuyén phai tim.
Ldy M lam tam, dung dudng tron ¢ ban kinh bang dudng kinh dudng
tron da cho, cit dudng tron da cho tai C v C’ (hinh b)). N&i C véi
O va C’ véi O, cac doan thang CO va C’O cét dudng tron tuong dng
tai cac difm A va A’, ta c6 cdc cat tuyén AM va A’M la cac cat
tuy®n phai tim. TU lap luén trén va céch dung, rit ra bai todn co
hai nghiem.

b)

a)

Hinh 73
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Bai toan nay duoc lay ra tir cuon "Nhung dinh li va cac bai
toan hinh hoc so cap" cua nha toan hoc Bi Eden Katall (1814 -
1894), ngudi réat ndi tiéng boi nhing cong trinh toan hoc cao cép
va sd cap.

247. Anri Mondo ngudi Phép, cé tai tinh nham dac biét. Sinh
ra trong mot gia dinh nong dan d lang qué gan Tua, ciu bé coH mot
kha nang tinh nham phi thuong doi véi nhitng so ré lén va phic
tap. Trude tién vao nam 1840, nguoi ta da chu y téi. ctm bé va da
gidi thiéu cau bé voi chu tich Vién Han lam khoa hoc Pari la Ponxen.
Mot sé vién si da kiem tra trinh do cua ciu bé. Ho dua ra hai bai
toan : binh phuwong cua 756 bang bao nhiéu va cé bao nhiéu phit
trong 52 nam ? Mondd da tra loi chinh xac ngay tic khic.

Ponxen thanh lap mot hoi déng gdm céc vién si - nha toan hoc
dé nghién citu kRha nang toan hoc cua ciu bé. Trong hdi déng goém
c6 Cosi, Liuvin, Xtuocm va Arago. Ngay 14 thang 12 nam 1840, cude
thu nghiém dwoc tién hanh, trong dé cau bé phai tra loi nhitng bai
toén rét kho blng tinh nham. Bai toan thit mudi hai la bai toan dudc
duwa ra trong cudn sach nay.

Viéc tinh todn va kiém tra cho thdy cau bé hoan toan cb thé so
sGnh véi may tinh va nhitng ctu hoi phitc tap, kRhé nhat duoc tra
10i mdt cach tin twong. Chdang han ctu hoi, hai s6 nao ma hiéu binh
phuong cua ching bang 133. Céu bé tra loi nhanh ring dé la nhitng
86 66 va 67. Khi ngudi ta néi véi cau bé rang cé nghiém don gian
hon, sau vai giay suy nghi, ciu bé tra 10i doé la 13 va 6. Cau bé
gan nhw khong phai suy nghi, tra l0i ngay titc khic vé so sénh
(1204)2 va (1006)3. A. Mondo so sanh rét nhanh cd véi b todn
phai suy nght : Tim mot sb biét lap phuwong cua né cong véi 84
duge mot sé bang tich cua chinh s& dé vdi 37. Chang han hai sé
3 va 4.

33 =27 , 27+ 8 =111 =3 .37
43 =64 ; 64 + 84 = 148 = 4 . 37

I
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Con 1o giai bal toan nhu sau : x2 — y? = 133

x+yx-y)=1133=19.7

trdd: x+y =19

X —y =1

Vayx=13;y=6

Suyra: x +y = 133

x —y =1

Vay x = 67 ; y = 66

248. Xét tam gidc ABC, lay A
trén canh BC diém D nam giga
BvacC néiD vdi A va t A

duyng dudng vudng goéc véi BC R
cat BC tai E. Ta cAn phai ching

minh rang

D E

Hinh 74

AB%2 DC+AC2BD—-AD?BC = BC.DC.BD.

Gia st rang diem E nam gida D va C (hinh 74).

Khi d6 ADC la géc nhon, con ADB la goc tu. Sau khi 4p dung

hai 1an dinh i v& binh phuong canh cia tam giic ddi dign v6i goc
ti va sau @6 v6i géc nhon, ta cb :

AB? =
AC? =

BD? + AD? + 2BD . DE

AD? + DC2 - 2DC . DE

Nhan (1) véi

AB2 . DC
AC? . BD

—
—

1

DC, (2) véi BD ta dude :
BD?.DC + AD? . DC + 2BD . DE . DC

AD? .BD + DC2 BD - 2DC . DE . BD

(1)

(2)

(3)

(4)
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Tu (3) va (4) suy ra :
AB%.DC + AC2 . BD = AD%BD + DC) + BD . DC(BD+DC)
hay : AB>. DC+AC? . BD~AD? . BC = BC.DC.BD

Trong sach gido khoa bai toan Stiudt dugc goi la dinh li Stiuot

va thudng duge ap dung dé tinh cic doan thang cua tam gidc. Chang

han,

nhd dinh li Stiuot c6 thé giai bai toan tinh dd dai duong phan

gidc va trung tuyén cua tam gidc.
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